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Abstract

Utilizing the conformal-flatness nature of 3-dim. Anti-de Sitter (AdSs)
black hole solution of Banados, Teitelboim and Zanelli, the quantisation of
conformally-coupled scalar and spinor fields in this background spacetime is
explicitly carried out. In particular, mode expansion forms and propagators
of the fields are obtained in closed forms. The vacuum in this conformally-
coupled field theories in AdS3 black hole spacetime, which is conformally-flat,
is the conformal vacuum which is unique and has global meaning. This point
particularly suggests that now the particle production by AdSs black hole
spacetime should be absent. General argument establishing the absence of
real particle creation by AdSs black hole spacetime for this case of conformal
triviality is provided. Then next, using the explicit mode expansion forms for
conformally-coupled scalar and spinor fields, the bosonic and fermionic super-

radiances are examined and found to be absent confirming the expectation.
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I. Introduction

We begin with some comments on peculiar features of gravity in (241)-dimensions. They
are the local flatness and the absence of conformal anomaly. Firstly on the local flatness ;
consider the Einstein field equation in an arbitrary n(n > 3) dimensions (our sign convention

here is chosen to be that of Misner,Thorne and Wheeler [1])

1
Gy = Ry = 59 R = 87GT,. (1)

Now, generally the vanishing of R, and R and hence of the Einstein tensor G, (due to the
absence of the matter, T, = 0) does not necessarily imply the vanishing Riemann tensor,
R,ap although the converse is true. Namely, the empty space needs not be flat. On the
contrary in 3-dimensions, the relation G* = —ie’w‘ﬁewsRZf;, when inverted, yields Rj), =
—€e*"e3,, G implying that the Riemann tensor is directly proportional to the Einstein tensor
or the matter energy-momentum tensor. As a result, the vanishing of G, due to the absense
of matter necessarily implies the vanishing of R,,.3. This indicates that 3-dimensional
empty space is necessarily flat. Several consequenses follow immediately. Since the vacuum
spacetime is locally-flat, there are no gravitational waves in the classical theory and upon
quantization, there are no quantum gravitons. Matter sources may produce curvature but
only locally at the location of the sources. And the forces, if any, between sources are
not mediated by graviton exchange since there are no gravitons. This also means that
the Newtonian limit of general relativity is lost in 3-dimensions and we are left with an
apparently uninteresting theory. In spite of these frustrating observations, the gravity in 3-
dimensions is not completely devoid of physical relevances. The vanishing of Riemann tensor
means that any point in a spacetime manifold M has a neighborhood that is isometric to
the Minkowski spacetime. Thus if M has a trivial topology, a single neighborhood can
be extended globally and the geometry is indeed trivial (flat). But if M has a non-trivial
topology, say, it contains noncontractable curves, such an extension may not be possible
and as a consequence interesting physics may emerge. To name a few, such existence of

“oglobal geometry” for spacetimes with nontrivial topologies may arise by coupling point



particles (both with and without spin) to gravity or by adding a cosmological constant
to the Einstein field equation [3]. Particularly, the elaboration of adding a cosmological
constant to the vacuum Einstein theory generated much excitement recently. Namely, due
to this peculiar aspect of gravity in 3-dimensions, it had long been thought that black hole
solutions cannot exist in 3-dimensions since there is no local gravitational attraction and
hence no mechanism to confine large densities of matter. It was, therefore, quite a surprise
when Banados, Teitelboim and Zanelli (BTZ) have recently constructed the Anti-de Sitter
(AdS;3) spacetime solutions to 3-dimensional Einstein equation that can be interpreted as
black hole solutions. They included the negative cosmological constant in the 3-dimensional
vacuum Einstein theory and then found both rotating and nonrotating black hole solutions.
Secondly, we turn to the general features of “conformal flatness” of spacetimes which turns
out to be a great advantage that allows us to carry out calculations, in full detail, involved
in dealing with the conformally-coupled quantum fields propagating in the background of
conformally-flat spacetimes. Note that generally the Riemann tensor R,,.3, containing the
full information about the curvature of spacetime, may be expressed, for dimensions n > 3,
in terms of its various traces given by the Ricci tensor R, , the curvature scalar R and the

traceless, conformally-invariant piece, the Weyl or conformal tensor, C),qs5 as [10]

Ruuaﬂ = (n — 2) (g,mRyg + ngRW — gMﬁRua — guaRuB>
R
o (n _ 1>(n _ 2) (glwégVﬁ - guﬁgua> + C;u/ozﬂ- (2)

The Weyl tensor, as is well known, has a dual role; not only is it the traceless part of
the Riemann tensor, it also “probes” the conformal properties of a metric. First, C,qg is
invariant under conformal transformation of the metric, g, = Q?(2)g,. Next, but more
importantly, it vanishes if and only if the metric is conformally-flat, g, = Q?(z)n,, for
spacetimes with dimensions n > 3. In n=3-dimensions, however, the Weyl tensor vanishes
“identically” Cyap = 0. In particular, the very consequence of the vanishing Weyl tensor

inn =3, ie.,
Riuvap = (Gua s + 9o Ryua — guplua — Guallyp)
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1
_§R(guo¢guﬁ - guﬁQVQ) (3>

establishes the fact that (along with the fact that both the Riemann tensor and Ricci ten-
sor have the same number (6) of independent components) the Riemann tensor is linearly
proportional to the Ricci and hence to the Einstein tensor, ng = —€"ep,,G as stated
earlier. Since the Weyl tensor C),,43 vanishes identically in n = 3, one now needs some
other means to probe the conformal flatness of 3-dim. spacetimes. Indeed it is known that

in n = 3, the “Weyl-Schouten” tensor [11] defined by

1
C)\;UJ = VVR)\M - VMR)\V - Z(g)\uauR - g)\uauR)

plays the role of Weyl tensor, namely C),, = 0 if and only if a 3-dim. spacetime is confor-
mally flat. The AdS3 black hole spacetime we mentioned earlier is a solution to the Einstein
equation 2, — %gWR + Ag, = 0 which, in turn, implies R, = 2Ag,, and hence R = 6A.
Namely, since its scalar curvature is constant and its Ricci tensor is covariantly constant,
clearly Cy,, = 0 and thus this AdSs3 black hole spacetime is conformally-flat. As a matter
of fact, this conclusion was expected since we know that generally, (anti) de Sitter space-
times are spaces of constant curvature and hence are conformally-flat. In this work, we shall
first present a general formulation for the quantisation of “conformally-coupled” scalar and
spinor fields (but not the vector field which fails to remain conformally-coupled in dimen-
sions other than four) in the background of the conformally-flat n-dimensional spacetimes.
Then, as a particular and interesting example, we shall take the AdS3 black hole spacetime
of BTZ, which is also conformally flat, and perform a quantisation of conformally-coupled
matter fields on this background.

Lastly, on the absence of conformal anomaly ; it is natural to wonder if the conformal
anomaly necessarily comes into play when considering the quantisation of conformally-
coupled scalar and spinor fields on conformally-flat AdSs; black hole spacetime which is
of our particular interest. The answer to this question is obviously “no” and one needs not

worry about the conformal anomaly in the first place. The reason for this goes as follows



; as is well-known, the conformal anomaly is closely related to the “trace anomaly” [2].
Namely the non-vanishing trace of the renormalized stress tensor leads to the conformal

non-invariance of the quantum effective action of the matter field since

2 ow,
<TE, () >= =g, —".
H 5g;w

ren \/§

Now in the context of zeta function regularization scheme, for example, the renormalized 1-
loop effective action is given by [2,15] W, = —3&'(0) for real scalar field and W,., = £'(0)
for spinor field in Euclidean signature. Then the explicit calculation demonstrates that
< T}k, .(z) > is non-zero in even dimensions (d = 2,4) while vanishing in odd-dimensions
(including d = 3). Namely the conformal anomaly emerges only in even dimensions and is
absent in odd spacetime dimensions. And this general statement holds true for conformally-
flat spacetimes such as AdSs3 black hole spacetime as well.

Now, speaking of the motivations of the present work, as already mentioned, partly we wish
to present a standard formulation of the general quantization of conformally-coupled scalar
and spinor fields in conformally-flat spacetimes. And partly we would like to clarify an un-
satisfactory state of affair concerning the existing study of thermodynamics of 3-dimensional
AdS3 black hole of BTZ. Let us be more specific on this last point. Essentially, one is bound
to be left with the Hawking evaporation and hence the thermodynamics of black holes when
he/she considers minimally-coupled (massive or massless) or non-minimally coupled (includ-
ing the conformal coupling) quantum fields in the background of 4-dimensional black hole
spacetimes. Thus, in principle, one may employ any type of matter coupling (to background
gravity) to treat the thermodynamics of 4-dimensional black holes although, in practice,
general couplings involve highly non-trivial complications. Perhaps because of this state of
matter, people do not seem to be cautious in selecting the matter coupling to consider the
thermodynamics of black holes in lower dimensions, particularly those in 3-dimensions such
as the AdS; black holes of BTZ. Unlike the 4-dimensional case, however, the AdS3 black

hole spacetimes is conformally-flat. Therefore if one negligently employs conformally-coupled

quantum fields in the AdS; black hole spacetimes (which is of our interest here) to discuss
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its thermodynamics, he/she may be misled and run into a trouble. What happens is, in this
case of “conformal triviality” (i.e., when fields are conformally-coupled to the conformally-
flat spacetimes), the associated Fock vacuum is the “conformal vacuum” which is unique
and has global meaning and hence there is no real particle creation. As a consequence, the
Hawking temperature (but not the local temperature measured by an accelerating detector)
is zero and thus the discussion of black hole thermodynamics becomes irrelevant to start
with. Namely, in order to carry out a meaningful examination of AdSs black holes ther-
modynamics, one should employ non-conformal matter couplings. Indeed, such confusion
regarding the study of thermodynamics of BTZ black holes appeared in the literature [5] and
our present work is partly intended to clarify this issue. To be more concrete, for example,
the authors of ref. 5 employed conformally-coupled scalar and spinor fields to point out cor-
rectly the “statistical inversion” arising in the accelerating detector’s response function but
to discuss incorrectly the Hawking temperature and black hole thermodynamics which be-
come irrelevant because of the conformally trivial setting. In the present work (particularly
in sect.IV), we shall provide a general argument and evidences that explain this seemingly
contradictory phenomenon, i.e., the presence of “particle detection” but the absence of real
‘particle creation” in the case of conformal triviality.

This paper is organized as follows : In sect. II, we formally review the formalism of quantiz-
ing conformally- coupled scalar and spinor fields in general n-dimensional conformally flat
spacetimes. In sect. III, as an application of the general formalism given in sect. II, the
mode expansions of conformally-coupled quantum fields in the AdSs black hole spacetime
of BTZ are obtained in closed forms. Sect. IV will be devoted to the general argument on
the absence of particle creation in conformal triviality which is the case at hand. In sect.
V, as an explicit demonstration of the absence of real particle creation, the absence of the
superradiant scatterings off the AdS3 black hole is shown using the explicit mode expansion
forms obtained in sect. III. Finally in sect. VI, we summarize the results of our present

work. In addition in the appendix, Green’s functions of conformally-coupled quantum fields



in the background of AdS3 black hole spacetime are given in closed forms as well.

II. General Formulation

1. Quantization of conformally-coupled scalar field in conformally-flat space-
times

Although we are particularly interested in the quantisation of conformally-coupled fields in
conformally-flat 3-dimensional spacetimes, in what follows we shall formulate the quantisa-
tion scheme generally in conformally-flat n-dim. spacetimes [2]. The action for a real scalar

field coupled conformally to gravity is given by [2] (assuming the gravity as a “background”)

s=-/ d"x\/ﬁ[%g“”ﬁuq)@q) + %é(n)R(IDQ] (@)

where &(n) = 4((7;__21)) in n-dimensions. One can readily check that this action is invariant

under the Weyl-rescaling
G = (@), =017 (5)

In particular, if the background spacetime is “conformally flat”, g, = Q*()n., then from

Guw = N, it follows that O = n**0,0,, R(g) = 0 and hence, we are left with the action
1= = 1 . =
S = —/dnxicp(—m)cp - —/d"xﬁn“”@(b&y@. (6)

This implies that the theory of conformally-coupled scalar field in conformally flat spacetime
can be substituted with the usual free, massless scalar field theory in flat spacetime of
the Weyl-rescaled field, ®(z) = Q("z°)(2)®(z) with Q(z) being the spacetime dependent
conformal factor. Thus in order to quantize the original field ®(x), we first carry out the
familiar quantisation programme for the free, Weyl-rescaled field @(az) and then use the
result to eventually recover the quantized theory of the original field ®(z) via ®(z) =
Q~(*2%) (2)®(z) at the end. For instance, if we employ the standard canonical quantisation

scheme, we begin by demanding the equal time commutators



[@(t,7), 1(t, )] = 6"~ (T — §), (7)

[@(t,@), (¢, 7)] = [1L(t, ), 11(t, )] = 0.

where TI(z) = §5/6(0,®) = 0,® is the momentum conjugate to the Weyl-rescaled scalar
field. Then for the particle interpretation, we decompose the scalar field using the mode
expansion

d" 'k
[(27) 712wy ] 1/2

laxii(z) + alig(z)],

Il
wLM \..

(2) [a(k)an(z) + ' (k)ip(2)]  (wr=k")

where the mode functions, which are the solutions of the Klein-Gordon equation 8M8“§> =

0 = 0, are given by

~ _ 1 eik~a:
W) = it ®)

and a'(k) and a(k) are the creation and the annihilation operators respectively. Now, then
the mode expansion of the original field is recovered as

O(z) = Q) (2) Y [awin(x) + afag (). (9)

k
Note, here, that the conformal factor Q(z) is not a field which is subject to the quantisation
nor it participates in the physical particle interpretation. The vacuum state associated with
these mode function of the original field above, namely, ax|0 >= 0 is called the “conformal
vacuum” [2]. The physical meaning of this conformal vacuum may be described as follows;
as is well-known, generally in curved spacetimes, a particular set of mode functions of a field
equation and the corresponding vacuum and Fock space do not in general have direct physical
significance. Or put in plain English, in curved spacetimes, there is in general no meaningful
notion of global vacuum state. A vacuum state in a reference frame may be a many-particle
state in another. The concept of particle is really observer-dependent. Nevertheless, if
there exist geometrical symmetries in the spacetime of interest, it may be that a particular

set of modes and corresponding vacuum and Fock space emerge as having natural, physical
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meaning. The theory of conformally-coupled fields in a conformally-flat spacetime is endowed
with such a feature and the associated vacuum state is called “conformal vacuum”. Thus
the conformal vacuum (just like the unique vacuum in field theory in flat spacetime) remains
to be a vacuum with respect to any other reference frame. This characteristic is indeed the
essential advantage that greatly simplifies the task of quantizing fields conformally-coupled
to a conformally-flat spacetime. Now, in order to discuss the many-particle interpretation of
the canonical quantization programme via Hamiltonian and momentum operators, we begin
with the energy-momentum tensor (or stress tensor) for the conformally-coupled scalar field

e _ 2 08 (10)

N 7§ 0 Gpuw

which, by a straightforward computation, turns out to be [2]

1
Ty = (1= 2)Vu®V,® + (26 = 5)guu Va PV 0

1
—2%OV, V@ + 20, P0D + E(Ruy — g R)P. (11)

As is well-known, generally when the classical matter action is invariant under the conformal
transformation, the associated classical stress tensor is traceless. This is indeed true for the
case at hand since we are dealing with conformally-invariant scalar field theory, i.e.,

T = g"T,,

2—n

= [2(n = )¢ + (1 = 3)|V,OV"® + (—5—)[@(~0 + ER)®] = 0 (12)

(n-2)
4(n—1)

where we used £ = and the Euler-Lagrange’s equation of motion (—0O 4 {R)® = 0.

Also, note that generally under the conformal transformation in eq.(5), the stress tensor

transforms as
Ty = Q73T (13)

where TW = TW(CTD, Guwv) 1s the stress tensor of Weyl-rescaled fields, d and Guv- Therefore,

for the case of conformally-coupled scalar field in conformally-flat spacetime,
. | L L .
T = (0,90, — §nMV8a<I>8“<I>) — 2£[0,(20, D) — 1,00 (PO“D)] (14)

9



which is the stress tensor for a free, massless scalar field in flat spacetime plus total derivative
terms. As a consequence, the Hamiltonian and the total momentum operator becomes

generally

H=P = [@o/gT" = [a a5 021", (15)
pi_ /dn—lx\/g 70 _ /dn—lx\/g Q270 (16)
where we used P = [d" lx/g T, T = gheg"%T,5 = Q" "2T" . Again, for the case of

conformally-coupled scalar field in conformally-flat spacetime, using eqs.(14)-(16),

H= / d"‘le‘Q[%{f[Q + (8;9)%} — 2£0;(99;D)], (17)

pi= / 4L {T1(0:8) — 2¢0,(BID) ).

Now, the physical interpretation of the Hamiltonian and the momentum operators should be
clear. The Hamiltonian density and the momentum density of a conformally coupled scalar
field in a conformally flat spacetime turn out to emerge just as a conformal factor Q72(x)
times those of a free scalar field in flat spacetime. Particularly note that terms proportional
to £ in the integrands in eq.(17), which originate from the “total divergence” terms in T~W
in eq.(14), cannot be ignored in this case of conformal scalar field in conformally-coupled
spacetime due to the presence of the conformal factor Q72(x). Namely, due to this conformal
factor the representation of the Hamiltonian and the momentum operators fails to take a
simple form in terms of, say, the number operator.

Next, we provide the Feynman Green’s function for this conformally-coupled scalar field
in conformally flat spacetime. Generally in curved spacetimes, Green’s functions for scalar

fields satisfy the wave equation |[2]

[0 + ER(2)]Gr(z,2') = - 0" (x — ). (18)

1
V()
And particularly, the Feynman propagator for conformally-coupled scalar field in a

conformally-flat spacetime is given by
Gr(x,2') = (73 (2)Gh(x, )27 (@) (19)
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where
&k (=)
0 ik-(x—x
GF('TVTI):/(QT‘.)ne ( : k2

is the flat, Minkowski spacetime version of the Feynman propagator for massless scalar fields.

2. Quantization of conformally-coupled spinor field in conformally-flat space-
times
The action for a spinor field conformally coupled to gravity (again assuming the gravity as

a “background”) is given by [2]

§= [ @ GLLIT (V) ~ (V,0)70))

= [ @ G el ) (V,00) — (V, )l () 1) (20)

where e/ (x) is the n-bein that can be considered as the square root of the metric g, (z) =

wel (2)eb (), with eell = 62, ee® = 6" and thus v*(z) = e#(x)y is the curved spacetime
n m n=b br “a*v v a

v

1% (x)o4) is the covariant

y-matrices obeying {v"(z),7"(7)} = —2¢" (). V,(r) = [0, — jwi

derivative with wi’(x) being the spin connection and oq; = 2[Ya» V) being the SO(n — 1,1)
group generator in the spinor representation.

Again, one can readily check that this action is indeed invariant under the Weyl-rescaling

G = 2 (2) Gy, or e, = Qz)e el = QM (x)ey,
U(z) = QT (), (21)

U(z) = QT (2)

In particular, if the background spacetime is “conformally-flat”, then from g, = 7., it

follows that €5 = 4y, €, = d;, @iy, = 0 and hence V,. = 0, leaving us with the action

i

§= [ a0, ) ~ (0,0)73)) (22)

Like in the case of conformally-coupled scalar field, this implies that the theory of

conformally-coupled spinor field in conformally-flat spacetime can be substituted with
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the usual free, massless spinor field theory in flat spacetime of the Weyl-rescaled field,
U(z) = QU2 (2)¥(z). Thus in order to eventually quantize the original field W(z),
we first carry out the familiar quantisation programme for the free, Weyl-rescaled field
U(z) and then use its result to recover the quantized theory of the original field ¥(z) via
U(z) = Q"2 (2)¥(z) at the end. Again, if we adopt the canonical quantisation scheme,
we begin, for the particle interpretation, by “mode expanding” the spinor field in terms of the

mode functions which are the spinors satisfying Dirac equations z’y“gu\if =0, \ifi’y”gy =0,

W)= [ @g%f;po S [b(p, ), )™ + ', )0 (3, ), (23)
¥(e) = [ oyt S (0 il )+ d(p ) ()] (24)

where b(d) is the positive energy particle (antiparticle) annihilation operator and bf (d') is
its creation operator.

Now, slightly differently from the quantisation of bosons (such as the scalar field discussed
earlier), we first demand “anticommutation relations” to creation and annihilation operators
to arrive eventually at the Pauli exclusion principle and from them, next we determine the
anticommutation relations between fields via the mode expansion given above in egs.(23)

and (24)

{\ila(tv f)? \il;(t’ ZT)} = 60455”_1<f - Zj), (25)

{\i[a(t7f>7 \ilﬁ(t7y_>} = {\i[lz(t7f>7 \i[;(t?@} =0

where the momentum conjugate to the Weyl-rescaled spinor field is given by II(z) = ¥t (x).
Here, the essential reason for demanding anticommutation relations among the creation and
annihilation operators is to obtain the correct “positive definite” total Hamiltonian operator

as will be shown below. Now, the mode expansion of the original field is recovered as

¥ (z) :Q_(T)(az)/< b

2r) o ;[b(l% s)i(p, s)e™* + d' (p, s)0(p, s)e”*] (26)

and similarly for the adjoint spinor W(z). Of course, the vacuum state associated with these

mode functions of the original field above, namely, b(p,s)|0 >= 0, d(p, s)|0 >= 0 is the
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“conformal vacuum”.
Next, in order to construct eventually the Hamiltonian and momentum operators, we again
consider the stress tensor for the conformally-coupled spinor field [2]

1 et 5S+ 55]
2(dete)?7 “517 bée“

wo_

= L0 (T70) — (V)] + [89¥(V40) — (V4D)" ]} )

Once again, since we are dealing with conformally-invariant spinor field theory, the classical

stress tensor above should be traceless as can be easily seen as follows

[Py (V,u0) = (V,0)" ] = 0 (28)

N | .

T} = guT" =

where we used the on-shell condition, i*y“ﬁu\lf =0, @i’y“%u = 0.
Note also that under the conformal transformation in eq.(21), the stress tensor above trans-

forms as
=0 I, (29)

where T~W = TW(\II, Guv) 1s the stress tensor of Weyl-rescaled fields ¥ and Guv- Therefore,
for the case of conformally-coupled spinor field in conformally-flat spacetime

Ty = {[07(08) — (0F)3, 9] + [F7(0,8) — (2,0), 9]} (30)

which is just the stress tensor for free, massless spinor in flat spacetime.

As a consequence, the Hamiltonian and the total momentum operator become generally

=P = [ g T = [ @ tayf5 @, (31)

P = [ layg T = [@ayfg 0T (32)

where we used P* = fd"_lx\/ﬁ T as before and TH = gh®g"°T,5 = Q2T Again,
for the case of conformally-coupled spinor field in conformally-flat spacetime, using eq.(46)
H = [0 L ino(008) ~ (0:0)08), (33)

P = / "z Z{[‘i’%(ﬁf) (0r0)7: 0] + [I30(0:0) — (8:9)700]} (34)



Again, the physical interpretation of the Hamiltonian and the momentum operators is clear.
The Hamiltonian density and the momentum density of a conformally coupled spinor field
in a conformally flat spacetime emerge as a conformal factor 272(x) times those of a free
spinor field in flat spacetime. And as stated earlier, this conformal factor keeps us from
representing the Hamiltonian and the momentum operators in a simple form in terms of a
number operator.

Next, we provide the Feynman Green’s function for this conformally-coupled spinor field
in conformally flat spacetime. Generally in curved spacetimes, Green’s functions for the
massless spinor field satisfies the wave equation [2]

1

VWV Sp(z, 2') =
iy V3] Sk(z, o) )

o(x — ). (35)

And particularly, the Feynman propagator for conformally-coupled spinor field in a

conformally-flat spacetime is given by

Sp(z, ) = QT (2)S%(z, /)T () (36)
where
d"p ey PuY"
0 N — ip-(x—z’) Pp 37
() / (27r)"€ p? + i€ (37)

is the flat, Minkowski spacetime version of the Feynman propagator for massless spinor
fields. For future use, we note that the relationship between the Dirac propagator above

and the Klein-Gordon propagator (generally in the presence of the mass term)

n

d P (et (—1>
0 A ip-(z—z’)
GF(.T,.T) /(271')”6 pg +m2

in flat spacetime is given by
Sp(x, ) = [iv°0; + m|Gh(z,2). (38)

Later on, we shall use this relation to obtain the Green’s functions for conformally-coupled

spinor field from those for conformally-coupled scalar field.
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ITI. Quantization in the background of AdS; black hole spacetime

1. Introducing “conformal gauge”

Recently, a stationary, axisymmetric solution to the AdSs Einstein equation R, — % g R+
Ag,, = 0 that can be interpreted as a spinning black hole solution has been discovered by
Banados, Teitelboim and Zanelli (BTZ) [3]. The AdS3 black hole solution in Schwarzschild-
type coordinates x* = (t,r, ¢) can be given in Arnowitt-Deser-Misner’s (ADM) (2+1) space-

plus-time split form by [3,4]

ds® = Gudxtdx”

= —(N1)2adt? + f2dr? 4 r*(d¢ + N®dt)* (39)
2 2 1
1 . T J 5 . J
where Nt =f= (—M+l_2+@) : N¢__ﬁ

are the lapse and the angular shift respectively. Of course the ¢-coordinate here is taken
to be a periodic, angular coordinate satisfying ¢ = ¢ + 2nn (n € Z). The parameter [ is
related to the negative cosmological constant by {72 = —A and M and a = J/2 are the
ADM mass and the angular momentum per unit mass of the hole respectively. Perhaps it
would be appropriate to give a brief description of the structure of this black hole spacetime.
The causal structure of this spinning AdSs black hole has, in many ways, close similarity
to that of Kerr black hole spacetime in 4-dim. To begin, since this black hole solution is
stationary and axisymmetric, it possesses two Killing fields £&# = (0/0t)* and ¢* = (0/0¢)*
correspondingly. And it is their linear combination x* = &* + Qg#* [10] which is normal
to the Killing horizons of this spinning hole. Normally, this is the defining equation of the
angular velocity {2 of the rotating holes. Now the spinning AdS3 black hole solution given
in eq.(39) has regular Killing horizons at points where the Killing field x* becomes null,

namely at

M J 2
— _ ()2
ri_z[Q{li L= (57) }] (40)
(e, M = (r1 4+ r%)/I> and a = ryr_/l) with ry being the event horizon and r_ the
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inner Cauchy horizon respectively provided | a |< M1/2. The angular velocity of the event

horizon, then, can be evaluated as

Op = -2, = 2 (41)

9o T
This black hole, as one may expects, possesses the “ergoregion” as well. And the “static
limit”, i.e., the outer boundary of this ergoregion occurs at 7, = VMl > r,. As we
shall discuss later on, the existence of the ergoregion in this black hole spacetime naturally
stimulates our curiosity concerning the possible superradiant scattering phenomenon which
is known to occur in 4-dim. situation. Having reviewed the structure of the AdS3 black hole

spacetime, now consider a coordinate transformation of the AdSs3 black hole metric to the

“conformal gauge” [4]

(t,7,0) — (20, 21, 22).

Since there are two coordinate singularities at » = r, and r_, we need two coordinate
patches one defined around 7 and the other around r_ (as we usually do when transforming
to Kruskal-type coordinates).

(1) Coordinate patch A around the event horizon at r = r :

For r > r, (Region I)
2 = (%) sinh(%t - %‘aﬁ) exp [%ﬂb - %t]
2 = (%)% cosh(%t — %é) exp [TTJQﬁ - %47
2 2 1
= (o) e [e-
Forr_ <r <ry (Region )
20 = (:E__ Tj)% cosh(%t — %é) exp [%¢ - %47
2 = (:—3__:32)% sinh(%’t — TT_<Z5) exp [TTJF<Z5 - Z—;t}, (42)
(s

<
o
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(2) Coordinate patch B around the Cauchy horizon at r = r_ :

Forr_ <r <ry (Region II)
2 2 1 - -
20 = (:3 —:’_2)2 cosh(%t— 7’7+ ) exp [%qﬁ— Z—;Lt},
2 2 1
2 = (:3 —:’_2)2 sinh(%t - TT+ ) exp [%qﬁ - :—;Lt}, (43)
2 .2 1
2o = (:’12: _Z_)Q exp [%qﬁ— :—;Lt}
For 0 <r <r_ (Region IIT)
2 _ 2 1
20 = (:3: — :2)2 sinh(%t — 7’7+ ) exp [%qﬁ — Z—;Lt},
2 .2 1 - -
2 = (%)2 cosh(;—Qt — 7’7+ ) exp [%qﬁ — Z—;Lt},
2 .2 1
o (G2 el

in terms of which the AdSs black hole metric takes the “conformally flat” form [4]

ds* = i—;(—dzg +dz} + dz3) = O (2)nud2tdz". (44)
Note that this type of coordinate transformation is essentially of the same kind as the
transformation from Schwarzschild-type to Kruskal coordinates in, say, Reissner-Nordstrom
black hole spacetime in 4-dim. Namely, by patching two charts, one well-defined only for
all » > r_ and the other again well-defined only for all » < r,, one can go over to a
new coordinate system z* = (2o, z1, 22) which is free of coordinate singularities and can
cover the whole of black hole spacetime, not just a part of it. And of course in order for
these coordinatizations, (both (¢, r, ¢) and (zo, 21, 22)) to parametrize a black hole spacetime,
not just the universal covering space of AdSs (i.e., CAdS3), an extra condition needs to be
imposed. Namely, since the BTZ black hole solution can be obtained from CAdS3 via discrete
identifications of points, i.e., the action of discrete subgroup of the AdS;3 isometry group
SO(2,2), in order for these coordinatizations to represent the BTZ black hole spacetime, we

should implicitly assume the identifications

p=¢+2mn (neZ).

17



As is manifest in this conformal gauge, this BTZ black hole spacetime is indeed conformally-
flat as we stressed in the introduction. Thus if one considers quantum fields coupled con-
formally to this conformally-flat background spacetime, computations of quantities like the
mode expansion forms and two-point Green’s functions can be carried out exactly. The re-
gion II, which lies between the two horizons, is the overlap of two coordinate patches A and
B. Thus in order to describe this overlap region, one may select any coordinates belonging
to the patch A or to the patch B. Here in this work, we shall take the coordinates belonging
to patch A in constructing mode expansion forms (given in the following subsection) and
Green’s functions (which will be given in the appendix). Note that for the sake of notational

simplicity, we shall henceforth use the redefined parameters a4 = 7 /I%.

2. Mode expansion of conformally-coupled fields in AdS; black hole spacetime
i) Real scalar field
According to the general formulation discussed in the preceding section, the mode expansion

for a conformally-coupled real scalar field in 3-dim. conformally-flat spacetime is

O(z) = Q_%(@/(Q:;ig];%[a(k)eik“ —i—aT(/{;)e_ik'“f}

Thus, for the case of our AdS3 black hole background

d(2) = (é)_a/@;if];%[a(k)eikm _i_aT(k)e—ikuzu}. (45)

where z# = (zg, 21, 22) is to be substituted by the original coordinates (¢, r, ¢) via the coor-
dinate transformation laws given earlier.

Here, recall that in the coordinatization (t,r,¢) for the BTZ black hole, the identifica-
tion ¢ = ¢ + 2rm (m € Z) was implicitly understood. Thus both the mode expansion
forms of the field operators being discussed in this section and the Green’s functions that
will be provided later in the appendix should exhibit the periodicity in ¢-coordinate, i.e.,

O(t,r,¢) = ®(t,r, ¢+ 2rm). This can be achieved by taking the infinite linear sum

O(t,r, ) = i O(t, 7, pn)

n=—oo
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where ¢, = ¢ + 2mn. Then by the superposition principle, this infinite linear sum is auto-

matically a solution to the field equation as well since each ®(t,r, ¢,) is a solution as one

can check in a straightforward manner. As we shall see in the appendix, Green’s functions

exhibiting the same periodicity in ¢ can also be constructed via the same infinite sum
GT(At, Ar, Ap) = Z GT(At, Ar, Agy,)

with A¢, = (¢ — ¢') + 2mn. And this procedure for constructing the Green’s function

amounts to employing the method of images [15].

For r > ry (Region T)
2 2 1 9
— |3 'y —T\s 1(la ¢n—a—t)/ dk iE + —iE
tm ) =1 (7’2 —r? ) e (2m)22wy, [a(k;)e "t al(k)e I}
with
! 7’7’2—7’2 : 0 1 7’2—7’2 1
E, = ella+én—a-t) [(72 — 'r; )2{—k"sinh(ait — la_¢,) + k" cosh(art —la_op)} + (7’; — 72— )g;ﬂ
Forr_ <r <wry (Region II)
2 2 1 9
— |z 'L T ToNT 1(latpn—a—t) / d’k iE + —iE
O(t,r, ¢p) =1~ (72 — Tz) ellat o [a(k)e™ + al (k)ei27]
with
! ri—r r2 —r?
E; = ellatén—a=t) [(r; = ) {—k"cosh(a t — la_¢,) + k' sinh(a,t —la_¢,)} + ( + 2—)51{;2}
-l 2
For 0 <r <r_ (Region 1III)
2 2 1 9
- L —TINg Lla—¢n—a t)/ dk iE t B
Ot 7, ¢n) =1 (7’?F — er) € ’ (27)22wy, [a(/{:)e "+ al(k)e ”I}
with

r2 —r? 3 —r?
%) {=K"sinh(at —lay6,) + k' cosh(at — layén)} + (— )7k
™ +

Epp = ella-9n=a+d) [( 5
—r

where k° = [(k')? + (k?)?]}/2. Despite the general formulation we provided in the sect.Il,
suspicious readers may wonder if the mode expansions obtained in this way are really solu-

tions to the Klein-Gordon equation. Thus we ensure that we checked by a straightforward
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calculation that the mode expansions above do satisfy the Klein-Gordon equation in AdS;

black hole spacetime written in the Schwarzschild-type coordinates.

ii) Complex scalar field
Generally in n-dimensional conformally-flat spacetime, the mode expansion of conformally-

coupled complex scalar field is given by
(a) = D @)2(@), (@) = 0T (@)8" ()
with

(x) = / ﬁ%fm[a(ls)ei” + bl (k)e 7],

(f)*(x) :/@ﬁl%lfm[b(kkikw-i-aT(ki)e_ikw]

where a(k), af(k) are annihilation and creation operators for positive energy “particle”
respectively, b(k), bT(k) annihilation and creation operators for positive energy “antiparticle”

respectively. Thus, for the case at hand, i.e., in the AdS3 black hole background

(I)(z> — (i>_§/<2;§72];%[a(k>eikuz“ _i_bT(k)e—ikuzu}’ (46)

(I)*(z) = (i)_i / (27:];72]{;2%[6(]{:)6%“# 4 aT(l{Z)e_ik“ZH},

Now the correct mode expansion is given by

O(t,r, ) = Z@trqﬁn)

and similarly for ®*(¢,r, ¢).

For r > ry (Region I)

B(t,r,60) = 14 (E ) edtoonma [ DK 1 im gy emim]
o r2 —r? (27) 22wy, ’

V]

t,,, ¢n _ _1(7’+—7’ )i L(laydn—a— t)/( %k [b(/{:)eiE’—i—aT(/{:)e_iE’}

27r)22wk
with
R P2 2
E; = ella+én—a-t) [( — )2 {—ksinh(ayt — la_¢y) + k' cosh(art —la_dn)} + (—
r?2 —r? r2—r
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Forr_ <r <ry (Region 1)

ol

ToriNE & | |
Bt ron) =17H () et [ e o kge ]

r?2 —r2 27)2 20wy,

O*(¢t = l_% T?" —7’3 % %(1a+¢n—a—t) ko b(k iEry T k —iErr
(7T7¢n>_ (m) € /M[(>€ +a()e }
with
(lat-¢pn—a—t) T—QI—_TQl 0 1 . 7’3_—7’_12
E;; = ella+dn—a- [(72 - 7’3>2{_k cosh(ayt —la_¢,) + k' sinh(ast — la_¢,)} + (7’2 — )2k }
For 0 <7 <r_ (Region I1I)
2 2 1 2
LTINS Lag,ayt) dk B ; i
I St
2 2 1 9
* _ (T e gaan) dk iB -
) GBI
with
(lagn—art)[(T2 =T \1 0 10 1 r2—r2 1,
B = elo-onmot [(ﬁ)z{—k sinh(a_t — lay¢n) + &k cosh(a_t —laggn)} + (= ~)zk
T-}— - T T+ —Tr

where again k* = [(k!)2+(k?)?]'/2. Next, consider the particle number current given by j* =
—i(P*VHP — dVHP*) and examine the continuity, say, of the particle number density (i.e.,
the pobability density) flux defined by n,j* = —x*j, = i[®*(0;+Qu0y) P — P(0s + Q2 0y ) *]
where, as introduced earlier, x* = £* +Quy* = 0 +Qpd} (U denotes the angular velocity
of the rotating black hole) being the Killing field which is outward normal to the outer event
horizon at r = ry (on which Qy = Qg(r;)) and to the inner null surface at r = r_ (on
which Qp = Qg (r_)) and thus n* denotes the inward unit vector which is opposite to the
direction of x*. Then one can readily check that across the event horizon and the Cauchy
horizon, n,j* |, ye= nuj* |r.—, namely the particle number flux is conserved. The particle
number conservation across the event horizon at r = r, and the Cauchy horizon at r = r_

confirms that they are just coordinate singularities.

iii) Spinor field
Before we construct the mode expansion of the spinor field in AdS3 black hole spacetime, we

should note that there are some subtle properties of fermions in (2+1)-dim. To formulate
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the algebra of Dirac matrices in (241)-dim., we basically need 3-anticommuting Hermitian
matrices each of whose square is unity. Clearly the standard 2 x 2 Pauli matrices fit the
bill. Thus the minimal spinor fields we can work with are 2-component spinors. However,
since the two components should describe positive-energy and negative-energy solutions, we
are left with just one component to describe the spin state. Actually this is indeed enough
in 2-space dimensions, where the rotation group O(2) ~ U(1) is abelian and has 1-dim.
irreducible representations. Or in plain English, the spin of a minimal fermion will point
in some definite direction - up or down - in the particle’s rest frame. Thus in the mode
expansion of minimal spinor field in (2+1)-dim. like the AdS; black hole background, the
spin sum is absent. Thus the mode expansion for a conformally-coupled spinor field in the

AdS3 black hole background is given by

V) = (2) [ oyt Mo +d )o(p)e ) (47)

) = (z%>_ / %ﬁ[b%p)ﬂ@)e-@w +d(p)o(p)e™"].

Then again the correct mode expansion is given by

U(t,r o) = i U(t,r, én)

and similarly for the adjoint spinor W(¢,7, ¢).

For r > ry (Region I)

U(t,r, ¢n) = l_l(LF — Tg)%e(lamn—a-t) / 7d2p [b(p)u(p)eiEl + dT<p>’U(p>e_iEl}
T r2 —r2 (27)22p°
with
2 1 2

_ r?—r2\1 . r2 —ri\}
E; = ella+én—a-t) [(ﬁ) {—p°sinh(ast —la_¢,) + p' cosh(art —la_¢,)} + (7’; — > ) pﬂ.

For r_ < r <r, (Region II)

U(t,r, ¢,) = l_l(LL _ T%)%e(lamn—a-t) / 7d2p [b(p)u(p)eiEu +df (p)v(p)e_iEu]
R r2 —r2 (27)22p°
with
2 2

2 _ 201 1
E; = ella+dn—a=t) [(:;L_ :2 )2 {—p" cosh(ast — la_¢,) + p' sinh(ast — la_¢,)} + (:; — 7’2_ ) Qpﬂ.
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For 0 < r <r_ (Region III)

1-r2\s e | |
Vit =17 (G=E) e [ G e+ d @) ]

ri —r? 27)22p0
with
2 2 1 2 2 1
_ (la—¢pn—a4t) T_ —T"\z 0 . 1 T+ —TI\3 o
Eir=e + [(7’3 — 7’2) {=p sinh(a_t — lay¢,) + p cosh(a_t —lai¢,)} + (7’3 — 7’2) P }

and similarly for U(t,r, ¢,,).

We now end this subsection with some comments accounting for the relation between the
results given above and those appeared in the recent works. Recently, there have been
attempts to determine explicit form of “grey body factor (or absorption coefficient)” o g5 in

the modified Hawking radiation spectrum (or decay rate)

D= oot
eTn — 1

of BTZ black hole. (Here, the grey body factor is defined as the ratio of the particle
flux entering the horizon to the incoming flux at spatial infinity.) And they include the
works by Birmingham, Sachs, and Sen [17], by Lee, Kim, and Myung [18], by Teo [17],
and by Dasgupta [19]. And to this end, these authors computed the mode functions of
quantum scalar or spinor fields in the BTZ black hole spacetime. The mode expansion
forms obtained there, however, appear to be different from those given here in the present
work. As a matter of fact, this is not surprising for the following reason. In the present work,
we considered only the conformally- coupled scalar and spinor fields whereas in [17], they
considered minimally-coupled massless scalar fields and in [18], the authors considered non-
minimally coupled dilaton field in the context of low energy string theory in 3-dimensions.
Besides in [19], the author considered conformally-coupled spinor field but in a rather non-
standard manner. Moreover, in all of these works, they assumed the mode functions to
take the (¢, ¢)-dependence of the form e~*!m? (with w and m being the frequency and the
azimuthal number respectively) which, as we shall stress later on, can be regarded as an ad
hoc. Namely, this type of (¢, ¢)-dependence of the mode functions is by no means rigorous

in that it simply has been chosen so based on the fact that the BTZ black hole spacetime
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has time-translational and rotational isometries generated by the Killing fields (0/0t)" and
(0/0¢)* respectively. In the present work, as we considered only the conformally-coupled
fields (in the conformally-flat BTZ black hole spacetime), we could construct the mode
functions in a straightforward manner without having to assume any ad hoc (t, ¢)-dependence
and this is why the mode functions in the present work and those in [17-19] came out to be

different.

IV. Absence of particle creation in conformal triviality

In the preceding sections, we discussed the quantisation of conformally- coupled scalar
and spinor fields in AdS3 black hole spacetime which is conformally-flat. One crucial point
in this case of “conformal triviality” is the absence of real particle creation. Here in this
section, we shall provide a formal argument establishing this statement. In “conformally-
trivial” situations [2] when conformally- invariant fields are propagating in a conformally
flat background spacetime, due to the high degree of symmetry possessed by the spacetime,
a unique, global physical vacuum state, called conformal vacuum exists as mentioned earlier
and as a consequence no real particles are created from the conformal vacuum. Note that
the essence in Hawking’s derivation of particle creation by black holes [13] is the non-trivial
“Bogoliubov transformation” [2] relation between mode functions (or the associated creation
and annihilation operators) of the field operator at early and at late times, namely the
“mode-mixing”. Perhaps, therefore, the most straightforward way of displaying the absence
of particle production by the present AdS3 black hole spacetime is to exhibit that the mixing
of modes is absent or equivalently that the Bogoliubov coefficient “4” associated with the
mode-mixing is zero. Thus to do so, we write the AdS3 black hole metric again in “conformal

gauge”

l
ds® = ()% (—dz + def + d23) = OP(2)nyudzde”
2

then in terms of which the mode expansion form of a real scalar field coupled conformally

to this spacetime is given by

24



0(2) = (L) [ X _fam)e 1 al(k)e ]
Z9 (271') ka

with the conformal vacuum being defined by a(k) | 0 >= 0. Consider now the mode

functions

. l —-1/2 1 ikFzy,
uy(z) = (22 [(27) 220, ] /2

which are “positive frequency” modes with respect to the timelike Killing field 0/9z9 = 0,

ie.,
Loyun(2) = —iwpup(2). (wp =| &[> 0)

Obviously, these modes u(z), which are positive frequency with respect to the conformal
vacuum | 0 > at one time, remain so for all time, zy. Namely the positive frequency mode
function uy(z) will remain identical both at early (z9 — —o0o) and at late (z9p — o0) times
and hence the associated conformal vacuum which was annihilated by a(k) at early times
will be so at late times, too, | 0,in >=| 0,out >. Also note that since zy and t are related

in the region r > r by the coordinate transformation

2

2= (%)W sinh(Tt — —9) exp[—-¢ — ] (48)
22 1 1 1 1 1
= ()25 lexp{(re =) (5t + 700} — exp{—(rs + 1) (5t = TO)}

it is clear that ¢t — —oo corresponds to zp — —oo0 and ¢t — oo corresponds to zp — oc.

Therefore, in the Bogoliubov transformation

ot (k) = 3 [ohrain (K) + Bipal, (k)] (49)
k./

al (k) = Z[QZk/a;‘rn(k/) + Bk ain(K')]
k./

the Bogoliubov coefficient Gx associated with the mode mixing is zero and hence there will

be no particle creation, i.e.,
Np = <in, 0 | aly(k)aow(k) | 0,in >

=3 | B [>=0. (50)
-
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And of course the same argument holds for the exhibition of the absence of fermionic real
particle creation. Now that we have convinced ourselves of the absence of particle creation
(i.e., both the superradiance, which is the stimulated emission and the Hawking radiation,
which is the spontaneous emission) by the AdS; black hole when the fields are conformally-
coupled. However, one may still be puzzled since it has been known in the literature that
accelerating detectors (of Unruh and DeWitt) outside the event horizon of the AdSs black
hole do detect particles. Recall that according to the theory of particle detection formulated
by Unruh [2,14] and by DeWitt [2,15], the transition probability to all possible excited states

when the (accelerating) detector registered quanta is given by [2]
=Y |<E|m(0)] Ey>|* F(w) (51)
E

with ¢ being the small coupling constant, m(7) detector’s monopole moment operator and
F(w) the “detector response function” given by

Flw)= [ dar)e=amg(an) (52)

where w = (F—Fy) and g(A7) = G (x(7), x(7')) with G (z, 2’) being the positive-frequency
Wightman function. The detector response functions have been calculated, in the case of

scalar and spinor fields coupled conformally to the nonrotating AdS; black hole, by [4,5]

1 1
Fboson(w> ~ 5@7 (53>

Fapinr () ~
with the “local temperature” T being given by T = ry/2xl(r* — r2)Y2 which vanishes
asymptotically (i.e., as r — o0) incidentally confirming the absence of real particle creation.
Apparently, there also exists an issue concerning the “wrong statistics” between scalar and
spinor case detector response functions known as “statistical inversion”. We believe that
the wrong statistics can be attributed to the odd-dimensionality (d = 3) of the AdSs3 black

hole spacetime. We are, thus, in an uncomfortable situation where on one hand, there is

no real particle creation and on the other, there is particle detection. In order to reconcile
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these two seemingly conflicting results, we need to note the distinction between the two
concepts, “particle creation” and “particle detection”. As a matter of fact, the former,
particle creation by curved spacetime can be best understood by “Hawking effect” [2,13],
while the latter, particle detection (which is possible even in flat Minkowski spacetime) can
be best understood by “Unruh effect” [2]. It is clear enough that there is no particle creation
in flat Minkowski spacetime. This, however, does not necessarily mean that particle detectors
never click in this spacetime. The detection by particle detectors depends on the state of
motion of the detector. Indeed, an accelerated detector in 2-dim. Minkowski spacetime,
namely the Rindler observer will see a non-zero particle spectrum. This is the phenomenon
known as Unruh effect [2]. And it can be attributed to the fact that the accelerating Rindler
observers exist only in part of the Minkowski spacetime, i.e., the “Rindler wedge” separated
from other regions by a horizon. Unruh effect is the well-known example of the fact that
even without particle creation, there can be particle detection. Meanwhile in the Hawking
effect [2,13], real particles are actually created by a black hole and thus can be detected as
well.

To conclude, our situation associated with the conformally-coupled fields in conformally-
flat AdS3 black hole spacetime can be thought of as an analogue of the Unruh effect or
of the case of conformally- coupled fields in the spatially-flat Friedmann-Robertson-Walker
spacetimes [2]. Namely, although there is no real particle creation, particle spectrum is still
detected because of the accelerating motion of the particle detector. And as we have seen,
the absence of particle creation most clearly manifests itself in the conformal coordinates
zM = (zo, 21, 22) and the illustration of particle detection has been done in the Schwarzschild-
type coordinates z# = (t,r, ¢) which is an accelerating coordinate system. In view of this, it
seems meaningless to consider thermodynamics of AdS3 black hole as long as quantum fields
of interest are conformally-coupled since it never radiates real particles and hence it never
possesses even a temperature (defined in the asymptotic region, r — oo) with which to start
investigating its thermodynamic behaviors. In the presence of non-conformal coupling such

as the minimal coupling, however, the AdS; black hole may evaporate and therefore one may
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consider its thermodynamics. In this regard, it seems appropriate to check, at this point,
whether the main conclusion of the present work given above (on the absence of real particle
creation by BTZ black hole in the case of “conformal triviality”) can indeed be consistent
with the results of recent works [17-19] aiming at the determination of grey body factor in
the decay rate of BTZ black hole that we referred earlier. Firstly in [17,18], the authors are
considering the case when minimally-coupled scalar field or non-minimally coupled dilaton
field are employed to study the decay (or evaporation) of BTZ black hole. As we just
pointed out, in these cases the BTZ black hole may be shown to evaporate and thus there
is no contradiction between the conclusions of the present work and the results of [17,18].
Secondly in [19], the author considers the case when conformally-coupled (but in a non-
standard manner) spinor field is employed again to study the decay of the BTZ black hole,
particularly to compute the grey body factor. Since this author also employs the conformally-
coupled spinor field, it may seem that there is a contradiction between the conclusion of this
work and that of our present work. There is, however, no contradiction. As the author of [19]
mentioned carefully in his work, “since the BTZ metric is asymptotically anti-de Sitter, the
local temperature measured by any timelike observer decreases with distance and becomes
zero at spatial infinity”. Thus he chooses “a BTZ-observer, sitting at finite radial distance,
detecting radiation”. Namely, he studies the radiation from BTZ black hole measured by
an accelerated observer placed at a “finite” distance from the hole. As we stressed, an
accelerated observer can detect particle spectrum (“acceleration radiation”) and thus the
computation in [19] does not contradict to the absence of real particle creation by BTZ black
hole in this conformally-trivial setting.

In the following section, we shall demonstrate, as a concrete evidence of the absence of
real particle creation in this case of conformal triviality, the absence of both bosonic and
fermionic superradiances, i.e., the absence of the stimulated emission. And to do so, the
explicit mode expansion forms of scalar and spinor fields obtained in sect. III will play a

central role.
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V. Demonstration of the absence superradiant scatterings

1. Introduction

A black hole is, by definition, a “region of no escape”. No massive object or even the
massless light ray, therefore, can ever be extracted from a black hole. When it comes to
rotating black holes such as the Kerr family of solutions, however, things are not so simple
and indeed energy can be extracted from black holes as was first noted by Penrose [6]. Briefly,
this energy extraction mechanism proposed by Penrose and hence is called “Penrose process”
[6] can be understood as follows. In Kerr geometry, the surface on which gy vanishes does
not coincide with the event horizon except at the poles. The toroidal space inbetween the
two surfaces is called “ergosphere” and in particular the outer boundary of this ergosphere
on which gy vanishes is dubbed “static limit” because it can be seen that inside of which no
observer can possibly remain static. Namely the time translational Killing field £&# = (9/0t)"
becomes spacelike inside the ergosphere and so does the conserved component p; of the four
momentum. As a consequence, the energy of a particle in this ergoregion, as perceived by
an observer at infinity, can be negative. This last fact leads to a peculiar possibility that, in
principle, one can devise a physical process which extracts energy and angular momentum
from the black hole. The Penrose process, however, requires a precisely timed breakup
of the incident particle at the relativistic velocities and thus is not a very practical energy
extraction scheme. Perhaps because of this reason, an alternative study of energy extraction
mechanism, known as “superradiant scattering” [7] was considered. In a sense, it can be
thought of as a wave analogue of the Penrose process. If a wave is incident upon a black
hole, the part of the wave (“transmitted” wave) will be absorbed by the black hole and the
part of the wave (“reflected” wave) will escape back to infinity. Normally, the transmitted
wave will carry positive energy into the black hole and the reflected wave will have less
energy than the incident wave. However, for a scalar wave with the time (¢) and azimuthal
angle (¢) dependence given by €!™#~“*) (with m and w being the azimuthal number and

the frequency respectively), the transmitted wave will carry negative energy into the black
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hole and the reflected wave will escape to infinity with greater amplitude and energy than

the originally incident one provided the scalar wave has the frequency in the range [10]
O<w< mQH

where again ()5 denotes the angular velocity of the rotating hole at the event horizon. The
“scalar waves” such as electromagnetic and gravitational waves exhibit this superradiance
[8] when they have frequency in the range given above. Curiously enough, it is known that
fermion fields do not display superradiance [9].

The spinning AdS3 black hole spacetime that we are considering also possesses very similar
structure to that of the Kerr black hole in 4-dim. including particularly the existence of
ergoregion in which the time translational Killing field £&# becomes spacelike. Consequently,
the natural question one comes to ask is whether or not there are superradiant scatterings
off this AdS3 black hole. Moreover, we are in a perfect position to quantitatively check the
possibility of superradiance since the precise mode expansions of the scalar (both real and
complex) and the spinor fields are available now. In other words, unlike the case of scalar or
spinor field in the Kerr black hole spacetime in 4-dim., now we need not assume the ad hoc

imé=wt) hut we can pick a scalar or

time and azimuthal angle dependences of the fields to be e
spinor wave with definite frequency to check the occurrence of superradiance. As mentioned
earlier in the introduction and as we shall see shortly, as long as fields are conformally-
coupled, the superradiant scattering off the AdS3 black hole spacetime is absent. Therefore
in order to demonstrate this absence of superradiance, in the following subsection, a succinct
superradiance-checking algorithm employing the particle number or energy current will be
formally reviewed and then applied to our AdSs black hole case.

2. A simple superradiance-checking algorithm

In this subsection, we would like to first set up a general formalism [10] that allows us to
determine whether or not the superradiance is actually present in the case of scalar or fermion

field. To this end, we introduce two quantities of central importance, “energy current” and

“particle number current”. First, we begin with the energy current. Generally, the “energy
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current” of a field in curved background spacetime is defined by [10]
Jy = -T,,8" (54)

with £* = (9/0t)" being the time translational Killing field of a stationary, axisymmetric
spacetime (which is the Kerr black hole spacetime for our case). This quantity is obviously
conserved owing to the energy-momentum conservation and the Killing equation V#&¥ +

V¥Er = 0 satisfied by the Killing field &#, i.e.,
VMJM = _(VMTW)éV - TW<VM£V) =0.

Next, we turn to the particle number current. Generally speaking, for field theories with
action possessing the global U(1) transformation (i.e., phase transformation) symmetry, (e.g.
complex scalar field theory and fermion field theory) the associated Noether current can be

identified with the particle number current. Namely the Noether current of the typical form

) oL ;
= W&b (55>

(where L denotes the Lagrangian density) is defined to be the particle number density. Then
this particle number density is covariantly conserved as well due to the Euler-Lagrange’s
equation of motion and the invariance of the action, V,j* = 0.

Now in order eventually to determine the presence or absence of the superradiant scattering,
we consider a region K of spacetime of which the boundary consists of two spacelike hyper-
surfaces X1 at (t) and o at (t 4 0t) (the constant time slice 3 is a time translate of ¥; by
dt) and two timelike hypersurfaces H (black hole horizon at r = ry) and S (large sphere
at spatial infinity » — 00). The appropriate directions of the hypersurface normal vector
n* on each part of the boundary are ; n* is future-directed on ¥;, past-directed on >o. It is
pointing inward the black hole on the event horizon H and pointing outward to infinity on
Ssc- Then next, consider integrating the quantity V#J, (which leads to the “energy flux”
crossing each part of the boundary upon utilizing the Gauss’s theorem) or V,j* (which
leads to the “particle number current”) over the region K of spacetime. By using Gauss’s

theorem we have
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0= / dar/gV "
K
= [ dzvVhn,j"
/BK vVhn,j (56)

~ "+ So(t46t) "+ /H(r+) "+ /soo "
where h,, denotes the 3-metric induced on the boundary 0K of the region K. Now the
terms in the last line of eq.(89) need some explanations. For boson or fermion field with
time dependence of the form e~ (which we shall assume throughout) the first two terms
cancel with each other by time translation symmetry. The third term represents the net
particle number flow into the rotating black hole while the last term stands for the net
particle number flow out of K to infinity, i.e., the outgoing minus incoming particle number

through S during the time dt. Thus we end up with the result

/Oo = — /H(m " (57)

which states that the net particle number flow out of K or the “outgoing minus incoming
particle number” equals “minus” of the net particle number flow into the rotating black hole.
Therefore, now we can establish the criterion for the occurrence of superradiant scattering
; If the quantity on the right hand side [ H(ry) "pJ", namely the net particle number flowing
down the hole, is negative (zero or positive), it means that the outgoing particle number flux
is greater (smaller) than the incident one and hence the superradiance is present (absent).

Thus far we have established the criterion for the occurrence of superradiance in terms of
the “particle number current” j#. An equivalent criterion can be derived in terms of the
“energy current” J, if we replace n,j* by < n*J, > (where < ... > denotes time averaged
quantity) and replace “particle number current” with “energy current” respectively in the
above formalism.

Also note that the hypersurface normal n* on the black hole event horizon H is pointing

inward the hole and hence is opposite to the direction of the Killing field [10]

X =&+ Qyt (58)
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which is outer normal to the rotating hole’s event horizon. Thus our task of checking the
presence or absence of superradiance reduces to the computation of the net particle number

(or energy) current flowing into the rotating hole through its event horizon

n, gt = —/ X" 59
/H(m ! Her) (59

Now, before we demonstrate the absence of the superradiance in the case of AdS3 black hole
spacetime, it will be comparative to illustrate the presence of the superradiance in a boson
field case in the background of Kerr black hole in 4-dim. using the superradiance-checking
formalism introduced above.

Thus consider a complex scalar field theory in a stationary, axisymmetric background space-
time (which we take to be the Kerr black hole geometry) described by the action (remember
that here in this work, we employ the Misner-Thorne-Wheeler sign convention [1] in which

the metric has the sign of g,, = diag(— + ++))
S=— / &2\ /G[V .0 VD + (M? + ER)D* D] (60)
and the classical field equations
V,.VED — (M? + ER)D =0, (61)
V. VED* — (M? + ER)®* =0
where £, M and R denotes some constant (for example, £ = 1/6 with M = 0 corresponds to
“conformal coupling”), the mass of the scalar field and the scalar curvature of the background

spacetime respectively. Then we consider a situation when a complex scalar wave with

particular frequency
®(z) = Og(r, §)e'me=—D (62)

is incident on and reflected by the Kerr black hole. Since the Lagrangian density of this

complex scalar field in eq.(60) is invariant under the global U(1) (or phase) transformation
O(z) — e ®(x),
P*(x) — e d*(x)
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corresponding Noether current exists and it is
gt = —i(P*VHID — OVHP™). (63)

This Noether current is the particle number current and it can be seen to be conserved owing

to the classical field equations in eq.(61)
V" = 0.

According to the criterion for the occurrence of the superradiance stated earlier, all we have
to do now is to evaluate the net particle number flowing into the black hole, [ Hry) " and
see if it can be negative. Thus on the horizon r = r,, we compute the particle number flux

and it is

nuju = _Xuju
(DY, D — DY, DY) (64)
9 9 9 9
i (2 0, e — o 10, Yo
(5 + S gg) (57 + 5%

Thus for a complex scalar field with frequency in the range
0<w<mQy (65)

the net particle number flowing down the hole is negative and hence

[ mit ==, >0 (66)

namely the outgoing minus incident particle number flux through the large sphere S, is
positive indicating the occurrence of superradiance in the case of a scalar field.

3. Absence of superradiant scattering off AdS; black hole

As usual, we would like to check the occurrence of superradiance with both boson and
fermion fields. Thus we shall consider the three cases when the real, complex scalar and

spinor fields are scattered off the rotating AdSs black hole respectively. There is, however, a
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crucial point that we would like to stress again. In 4-dim., we assumed that both the boson
and the fermion fields possess the time and azimuthal angle dependences given by e(m¢=«%)
This choice of the form of scalar and spinor waves is by no means rigorous in that we never
really confirmed that solutions to the Klein-Gordon equation for the scalar field and solutions
to the Dirac equation for the spinor field in the background of Kerr black hole do take this
time and azimuthal angle dependences. We simply assumed this type of dependence based
on the fact that Kerr black hole spacetime has time-translational and rotational isometries
generated by Killing fields £# = (9/0t)* and ¥* = (0/0¢)" respectively. For the present case
of rotating AdS3 black hole, however, as we have seen in the preceding section, exact mode
expansions for both scalar and spinor fields are available. Namely, we do know the precise
solution forms of the Klein-Gordon and Dirac equations in the background of the rotating
AdS3 black hole spacetime. Therefore we shall naturally use these exact solutions as test
scalar and spinor waves to be scattered off the rotating AdSs black hole. We believe that
this use of actual solutions will provide the correct answer to our question on the occurrence
of superradiance in the case of AdSs black hole.

First we start with the case with real scalar field. As we have seen, the mode expansion of
real scalar field coupled conformally to the background of spinning AdS3 black hole is given
in eq.(45). Since this mode expansion is the superposition of plane waves, we pick one plane

wave solution with particular frequency

B(2) = Re[(~) /2] = ()12 cos(k, #) (67

Z9 Z9

and consider its scattering off the spinning AdSs black hole. In order to check the existence
of superradiant scattering, we need to evaluate the energy flux flowing into the black hole
across the horizon and see if it can be negative under certain circumstances. Thus on the
horizon, r = r,, using
O(t,ry, P) = i [71/2¢3(lasén—at) cos[kge(l“+¢"_“‘t)]
n=—oo

the time-averaged energy flux is
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<nfJ,> =—-—<x"J, >

< Twx"€" >=< (X'V,P)(£"V, @) >=< (0y + Qudy) PO, P > (68)

a’—<a’— - QHla-f-) < i i A(t7r+7¢n)A(t7T+7¢m) >

n=—o0 MmM=—00

where
1
At 1y, ¢n) = l_l/Qe%(l“+¢"_“‘t){§ cos[kge(l“+¢"_“‘t)] — kyella+én—a-1) sin[kge(l“+¢"_“‘t)]}.

Now, if the quantity in the last line could be negative, then the superradiance occurs.

Obviously, however, this cannot really happen since Qy = a/r% =r_/lr, and ay = ry /12,
(a— — Qpulay) = 0. (69)

Therefore, regardless of the value of its frequency, (real) scalar field does not display super-
radiance. And this is in contrast to what happens in the case of Kerr black holes in 4-dim.
spacetime.

Secondly, we consider the case of complex scalar field. The mode expansion of complex
scalar field coupled conformally to the background of spinning AdS; black hole is given in
eq.(46). Again, since these mode expansions are the superpositions of plane waves, we pick

one plane wave solution with particular frequency

l )
(z) = ()7 (70)
(I)*(Z) — (é)—l/Qe—ikuz“.

and consider its scattering off the spinning AdS; black hole. In order to see if there is a
superradiant scattering, we need to compute the particle number flux flowing into the black
hole across the horizon and check whether it can be negative under certain circumstances.
Thus on the horizon, r = r,, using

@(t7 Ty, (b) = Z l_1/2€%(1a+¢n_a—t) eXp[ik26(1a+¢"_a_t)],

n=—oo
o0

O*(t, 1, 0) = > l_l/Qe%(l“W"_“‘t)exp[—ikge(l“+¢"_“‘t)].

n=—oo
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the particle number flux is

nuju = _Xuju
— (D" NV, D — DYV ,D¥) (71)

= (a- — Qulaky > > Bt 1y, ¢n)B (14, dp) [0 70-1 4 ellarom=a-b)]

where B(t, 1, ¢,) = [7/2e3(lasén—a-1) oxplikyellarén—a-0] - Again, if the quantity in the last
line could be negative, then the superradiance occurs which, as we have realized earlier in
the case of real scalar field, cannot really happen since Q0 = a/r%r =7r_/lry and agx = ry /1%,

thus
(a— — Qplay) = 0. (72)

Again, irrespective of the value of its frequency, complex scalar field does not display super-
radiance either.

Finally, we turn to the case of spinor field. As already mentioned and as we shall see shortly
as well, in order to check the occurrence of superradiance in the fermion field case, one needs
the concrete geometry structure of the background AdSs black hole. Besides, the standard
formulation of spinor field theory in curved background spacetime is associated with the
Riemann-Cartan formulation of general relativity in which one of the basic computational
tools is the use of the non-holonomic basis 1-form (i.e., “soldering form”). Thus here we
begin with the AdSs black hole metric (given in Schwarzschild-like coordinates) written in
the ADM’s (2+1) space-plus-time split form which proves to be suitable to be converted to

the one in non-coordinate basis
ds* = —N?dt* + hydr® + hyeld + N?dt)
= g dr’dz” = nae’e’ (73)

where Greek indices refer to the accelerated frame of reference (i.e., coordinate basis,

uw = t, r, ¢) and the Roman indices refer to the locally inertial reference frame (i.e.,
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non-coordinate basis, a = 0, 1, 2). Also we used the definitions for the soldering form
(“dreibein”) g,, = nabeZeg and the non-coordinate basis 1-form e® = ef,dz". In the ADM’s
(241) split form above, the lapse, shift functions and the spatial metric components are

given respectively by

2 2

20y (g

N2(r) = (=M + 7 + 3),
J

N®(r)= ——. N"(r) =

(r) 52" (r) =0,
hee(r) = N72(r),  hge(r) =12, (74)

ey = hgr = 0.

where M and J = 2a denote the ADM mass and the angular momentum per unit mass of
the AdSs black hole respectively and [72 = (—A) as indicated earlier. As is well known the
event horizon developes at the larger zero of N?(r,) = 0.

Actually, the virtue of writing the AdSs black hole metric in the ADM’s (2+1) split form
as in eq.(73) above is that from which now one can read off the non-coordinate basis 1-form

easily as follows

e’ = egdaz“ = Ndt,
el = eidaz“ = \/hprdr = N 'dr, (75)

¢? = e2da = \[hog(de + NOdt) = r(d¢ + N°dt).

Equvalently, the dreibein and the inverse dreibein can be read off as

N 0O 0 N1 0O 0
et=| 0 Nto|, ei= 0 N 0 (76)
rN¢ 0 r —N7IN?® (0 !

Further, the spin connection 1-form w?

= wl‘jbdaz“ can be obtained from the Cartan’s 1st
structure equation, de® + wi A €® = 0 using the non-coodinate basis 1-form given in eq.(75).
Here, however, we do not look for the spin connection since we shall not really need its

explicit form in the discussion below leading to the conclusion on the absence of fermionic
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superradiance.
Now, for later use we write the y-matrices with coordinate basis indices in accelerated
frame (i.e., in Schwarzschild-type coordinates) in terms of those with non-coordinate basis

indices in locally-inertial frame using the soldering form (inverse dreibein) given above, i.e.,

,Yt — ez,ya — N_l’)/o,
7 = et =Ny, (77)

,Y¢ — eg,ya — —N_1N¢’)/O 4 7,—172.

With this preparation, now we consider the conformally-coupled spinor field theory in the

background of this AdS; black hole spacetime described by the action [2]
5= [ Poyalyir T oW - v T} (79)
and the classical field equations, i.e., curved spacetime Dirac equations
"V, =0, $iy'V, =0. (79)

The mode expansion of spinor field coupled conformally to the background of spinning AdS;
black hole was given in eq.(47). Again, since this mode expansion is the superposition of

plane waves, we consider a situation when a spinor wave with particular frequency and spin

0 = () ulp)en (50

is incident on and reflected by the AdS; black hole. Here the 2-component Dirac spinor u(p)
satisfies the Dirac equation in curved spacetime given above. As usual, in order to check the
occurrence of superradiant scattering, we need to evaluate the particle number flux across
the event horizon and see if it can be negative under certain circumstances. To this end,
we begin by defining the particle number current for spinor field. Since the Lagrangian
density of this spinor field given in eq.(78) is also invariant under the global U(1) (or phase)

transformation
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U(w) = e (a), Y(r) = P(z)e™

corresponding Noether current exists and it is

oL
5(V )

This Noether current is identified with the particle number current and it can be seen to be

= ) = Pyt 81
J 0P + 0P == zﬁ =", (81)

conserved due to the Dirac equations given above
Vuju = Q/Zf)/u(v;ﬂ/} + 1/_}7#?“1/} =0
Thus on the horizon, r = r,, using

Ut,re,0) = Yo 1 teler o ey p) explipgeeron 0],

n=—oo
o0

1/_1(1%,7’+,<;5): Z l_le(l“+¢"_“‘t)ﬂ(p)exp[—ipge(l“+¢"_“‘t)]

n=—oo

the particle number flux is

n " = —=x"ju = —Ugapx ¥
= —0gap(07 + Qu03) Y (82)
— (g + Quges)V' + (o + Qugss) V"0

= [~ NA® + (N? + Qu )7y = 0.

where we used the relation between ~-matrices with coordinate basis indices in accelerated
frame (i.e., in Schwarzschild-type coordinates) and those with non-coordinate basis indices in
locally-inertial frame, y*(x) = e#(x)y® derived earlier in eq.(77) and gy = —[N? — r?(N?)?],

gis = r*N? and g4y = 2. And to get the last equality to zero we used
N*(ry) =0, N°(ry)=—(—)=—-Qu.

This result indicates that the net fermionic particle number flux flowing down the hole
through its event horizon is zero irrespective of the frequency of the fermion field. Therefore
the outgoing minus incident fermionic particle number flux through the large sphere S, is

Zero
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/OonujM:—/]q(r+)nujM:0

establishing again the absence of superradiance in the case of fermion field as well.

Thus far we have illustrated the absence of fermionic superradiance in terms of the particle
number flux. One can draw the same conclusion in terms of the energy flux we introduced
earlier by showing that it also is zero through the event horizon of the AdS3 black hole. Since
it is rather straightforward to demonstrate this, we shall not get into the detail further.
We now wish to provide physical interpretation of the absence of both bosonic and fermionic
superradiances observed above. To this end, we should go back and cite our earlier statement
on the physical meaning of the conformal vacuum. In curved spacetimes, generally there
is no meaningful notion of global vacuum and global Fock space. The vacuum and hence
the concept of particle is really observer-dependent. Nevertheless, if there exist geometrical
symmetries in the background spacetime, it may be that a particular set of modes and the
corresponding vacuum and Fock space emerge as having natural physical meaning. The
conformally-coupled scalar and spinor fields in conformally-flat spacetimes like AdS3 black
hole spacetime are endowed with such a feature and the associated vacuum state is the
“conformal vacuum” which remains to be a vacuum with respect to any other reference
frame. This means that particle production is absent since | 0,in > and | 0,out > are
identical. In view of this, the absence of the superradiance which is a stimulated emission
phenomenon from the ergoregion seems to be a natural consequence. Furthermore, this
observation implies that if one sticks to consider solely the conformally-coupled fields in this
AdS; black hole spacetime, the Hawking radiation [13], namely the spontaneous emission of

particles should be absent as well.

VI. Discussions

Now we summarize what has been done in this work. Noticing that the AdSs; black
hole solution discovered recently by BTZ [3] has attracted a lot of interest currently, we

attempted quantisation of scalar and spinor fields in the background of this AdSs; black
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hole spacetime. And to do so we particularly employed the “conformal gauge” in which the
metric takes the manifestly conformally-flat form. Mode expansions (given in sect.III) and
two point Green’s functions (which will be given in the appendix below) for the scalar and
spinor fields have been obtained in closed forms. To be more concrete, first the construction
of two-point Green’s functions for conformally-coupled fields performed in the present work
can be thought of as employing the “transparent boundary conditions” introduced originally
by Avis, Isham and Storey [12]. Besides the construction of the Green’s functions for
conformally-coupled spinor field given in the present work has not yet been attempted in the
literature. It is a new contribution. Next, the construction of mode expansions for quantum
fields in explicit, closed forms allowed several important observations. Firstly, the particle
number conservation across the event horizon and the Cauchy horizon of the AdS3 black hole
confirms that indeed the inner and outer horizons are just coordinate singularities on which
nothing special happens. Secondly, but more importantly, on the absence of superradiant
scattering off the spinning AdS; black hole. Since the spinning AdS3 black hole possesses
very similar causal structure to that of Kerr black hole in 4-dim. including the existence
of ergoregion, one naturally gets interested in the possibility of superradiance phenomenon.
However, unlike the conventional study of superradiance for the Kerr black hole in 4-dim.,
now one needs not assume the ad hoc time and azimuthal angle dependences of the fields

imé=wt) gince the precise mode expansion forms for the scalar and spinor fields are

to be e
known. Thus using these exact solutions to the Klein-Gordon and Dirac equations in the
background of the AdS3 black hole spacetime as test scalar and spinor waves to be scattered
off the rotating AdSs black hole, both the bosonic and fermionic superradiances have been
displayed to be absent. The physical interpretation of this absence of superradiance (i.e.,
the stimulated emission) and the absence of Hawking evaporation (i.e., the spontaneous
emission) of AdS; black hole for the case of “conformal triviality” (namely, the case of
conformally-coupled fields in conformally-flat spacetime), then, has been provided in terms

of the conformal vacuum, which is unique and has global meaning. Finally, it is our hope

that our general formulation of the quantisation of conformally-coupled fields in conformally
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flat spacetimes in arbitrary dimensions and our explicit demonstration particularly in AdSs

black hole spacetime may find interesting applications in various other situations.
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Appendix : The Green’s functions of conformally-coupled fields

Here, we shall provide the 2-point Green’s functions, particularly the positive-frequency
Wightman functions [2] of the scalar and spinor fields coupled conformally to the spinning
AdSj3 black hole spacetime in closed forms.

1. Scalar field
For any 2-point Green’s function of scalar field conformally coupled to a conformally flat

spacetime is given by (in n-dimension) [2]
G(z,2') = Q) (2)Golz, )2 (2) (83)
with Gy being the free field propagator in flat, Minkowski spacetime. Consider that we

are interested in the positive-frequency Wightman function for the real scalar field in the

background of AdSs black hole spacetime. Then it is given by
Gt (z,2) = Q2(2)G (2,202 (2) (84)
We first have to evaluate, in flat 3-dimensional spacetime

Bk —1 ..
G () = [ e (85)

where a particularly prescribed integration contour in the complex k° plane is assumed.

However, if we analytically continue to the Euclidean space via the “Wick rotation”
t—ty=it, Kk — kY =ik° (86)

then the evaluation of the integral can be done rather easily to yield

Gi(z,7) = z/ ok %e Ry (z=2)" (87)
1 1 1 -

N|—

(

)|:_(ZO — 2/0)2 + (21 — 2/1)2 + (22 — 2/2)2}

:E|z—z’| ~ \ir

Therefore
GH(2,2) = Q7 3(2)Gf (2, 2)Q72 ()

_ b [—(20 — 20+ (=2’ + (22— 2'2)2}—%
47l '

(83)

222/2
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As was stated when obtaining the correct mode expansions of the scalar and spinor fields
conformally coupled to this BTZ black hole spacetime, the correct Green functions exhibiting

the periodicity in ¢-coordinate can be constructed via the infinite linear sum

GT(z,7) = i Gt (zn, 2)
(where z, = z(t,r, ¢n), 21, = z(t,r, @) with again ¢,, = ¢ + 27n and ¢, = ¢/ + 27n) which
amounts to employing the method of images [15].
(1) For z, 2" € Region (I); r,r" > ry
)= 17 {<"°2 — )i = r?)s
427l rd —r
=R =)

r2 —r?

Gt (zp, 2, cosh F_(At, A¢y,)

T

1
2

cosh F'y (At, A¢,) — 1}

(2) For z, 2" € Region (II); r— < 7,7’ <ry

. 1 2 1
G (o) = — P D)
427l ry —r2

/2>%

cosh F_(At, A¢,)

o=

1
—l—(ri —r?)z(ri —r

cosh F (At, A¢,,) — 1}

r2 —r?

(3) For z, 2" € Region (II1); 0 < r,r" < r_

1

1 2\ 1
6o s 1)

n) = 4\/%7#{( 1%

2 _ 2 io2 o a2yd
Gkl Gl coshF_(At,Aqﬁn)—l}
T+_T_

cosh F (At, A¢y,)

N|—

(4) For z € Region(I); (r >ry) 2’ € Region (II); (r— <’ <ry)
(2 = ) = 12

Gt(zp, 7)) = !
(20 20) 4\/§7rl{ r2 —r?

cosh F_(At, A¢y,)

2 _ 2\ 21 -3
itk 9 Ll G sinhF+(At,A¢n)—1}
T+_T_

(5) For z € Region (II); (r— <r <ry) 2’ € Region (III); (0 <" <r_)

12

(2 = )4} - 1)

!/ Il / /
Gt (zn, 7)) = 4\/§7rl{ e cosh[(a_t — ast") — l(avrdn —a_¢))]
+ —_
r2 —r2)3(r2 — %3 ) / -3
_< + 7»2> _< .~ sinh[(at —a_t") — l(a—¢n — ay ;)] — 1}
+ —_
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where we used the short-hand notation Fy(At, A¢,) = [ax(t —1t') —lax(d — ¢’ + 27n)] with

ar =ry/l? and ¢, = ¢ + 27n, A¢, = (¢ — @) + 27n as defined earlier.

2. Spinor field
Generally, any 2-point Green’s function of spinor field conformally-coupled to a conformally-

flat spacetime is given by [2]
S(z,2") = Q") (@) Sp(, )T () (89)

with Sy being the free, massless field Green’s function in flat, Minkowski spacetime as
mentioned earlier. Besides, as pointed out earlier, the spinor field Green’s function in flat

spacetime is related to that of the scalar field by (generally in the presence of the mass)
So(z,z") = (i7*0% +m)Go(z, 2'). (90)

Again, consider that we are interested in the positive-frequency Wightman function for the

spinor field in the background of the AdS3 black hole spacetime. Then it is given by
SH(z,2) = Q7N (2) S (2,2)07 (7)) (91)

where S;” can be obtained from G evaluated earlier as

5527 = (°5)G3 (2. ) (9
1 1 1 7z — 2
=09 e ) = D e

Finally, therefore

Stz ) = ()" (=)

I { 1 )—70(2:0 —20) + 9z — 2'1) + (20 — z’2)} l

' U4 (e — #0)? + (51— 212 (22— 222 [ 2
_3
. 1 —(Zo — 2/0)2 -+ (21 — 2/1)2 -+ (22 — 2/2)2 2
N 47Tl2 222/2
X (222'9) "2 [=7%(20 — Z0) + 7' (21 — 21) + 72 (22 — 2'9))- (93)

And again the correct Green function is given by
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o0

STz, )= > 5(zn, 7))

(1) For z, 2" € Region (I); r,r" > ry
r2 —r2\1 ” P21 Pt
(20— o) = {(TQ — ) sinb P (t gu)el 00 — (G5 ) ¥ sinh P (¢ of el ¢ v%”},
7,2 _ 7,2 1 ” 7,/2 _ 7,2 1 ”
/ 2 —F_(t,¢n 2 1o [—F-(t ¢,
(=2 = {(7’2 — 7’3) cosh P (8, ga)el ) - (7*/2 — r;_L) cosh Fy (1, ¢}, )el = )]}7

2

r2 —r2\ L r2 — 2\t
(o= = { (g ) e ) - () e

St (zn, 2l) = { 5 ok cosh F_(At, A¢,,)

W

2 ,2\i2 20
B Gl Gt Y coshF+(At,A¢n)—1}

r2 —r2
P2 —p2)i(r? — )1 1
N e
T — “)2

X [—70(20 —20) + 7 (21— 2'1) + V(22 — z’Q)}.

(2) For z, 2" € Region (II); r— < 7,7’ <ry

=20 = { (=)

[\
[\

2
Ty —T

ol

cosh F (t, ¢y, )elF=toml (

) cosh B (F, as;)e[—F-“W},
r —

SR

2 — 3 2 — 2 i ’ o
(21— 2'1) = {(:;’_ :2 )2 sinh F (t, ¢y, )el == ®:0n)l (:7; — :2 )2 sinh F, (¢, ¢ )el == "M]},

2 2 1 2 2 1

oy (TR TN Rt (T T TENE = (t6)]
(22 zQ)_{('r’Q—'r’z) ¢ (7”2—7’3) ¢
1 2 p2nN\ios2 20
St (zn, 21) = {<T 7’_2) (r 5 r-) cosh F_(At, A¢y,)
8\/§7Tl2 Ty —TZ

vlw

)3 (r2 — )3
Ll =r)als =) coshF+(At,A¢n)—1}
+

exp 3 [F-(t,0) + F_(t'.6})]

(3) For z, 2" € Region (II1); 0 < r,r" < r_
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2

| N

2

| N

/

rE—TroNg . —Fy (t.m R —Fy (¢,
(20 — 7o) = {(7’3 — 7’2) sinh F._(t, ¢, )el~F+Eoml _ (7’3 — 7”2) sinh F_(t/, ¢/ )el =7+ (t90)]
: r2 =1\ F o) _ (T TN Ly F )]
(21 —2"1) = (7’3 —7’2) cosh F_(t, ¢n)e Pl (7’3 —r’2) cosh F_(t', ¢, )e Pn
2 2 1 2 2 1
oy = I (T T TN R )] _ (T T TN R (0]
(29 — 2'9) {(7’3_7’2) e (7’3—7”2) e )
1 (r? —7’2)%(7’2 —7”2)%
+ AN + +
ST (zn, 2,,) = 8\/§7rl2{ o) cosh F (At, A¢y,)
2 _ a2\i2 2\ -2
G 7’2) (7’_2 ) coshF_(At,Aqﬁn)—l}
ri —r
+ —_
(T?}—_7,2)%0,?}—_7,/2)i 1 /A
X . exp = |Fy(t, o) + FL(E, @),
ST e [t o)+ Pl 00)

X [—70(20 — o)+ (21— 2'1) + 7 (22 — z’Q)}.

(4) For z € Region(I); (r > ry)

2" € Region (IT); (r— <7’ <ry)

, rtoriyg F o) _ (TL TN ' el E ()]
(ZO — zO) = (m) s1nhF+(t,<bn)e ’ - (7’/2 — 7’%) COShF+<t 7(;5”)6 o
/ rt—riyi F o) _ (TR TNE ! )l F-(t 6]
(21 = 2) = § (=) cosh Py (1, gu)el ™00 — (S ) sin F (1, f )l =79
2 2 1 2 2 1
oy (TR TPENT R o) (T T TENE - (te))]
(22 22)_{(7*2— %) (& (7’/2—7’%) (& .
1 2 2\t02 231
5" (en, 24) = 2{(T PP o (A, A0,)
8v/2rl ry —ro
2,2\ 2 u2\1 -3
L "’+2> <"’+2 ™) sinhF+(At,A¢n)—1}
T+_T_
(r2—r2)a(r® —¢2)3 1 ’o
X T exp = |FL(t, ¢n) + F_(T', ¢,
(r3 —r?)2 pQ[ (t,x) ( (b)}

X [—’YO(ZO —Z0) +7' (=

(5) For z € Region(Il); (r— <r <ry) 2z € Regi
, ri - P ()]
(20 — 2'0) = (m) cosh F (t, ¢n)e onll

2 2
7’+—7’

2

2

D=

)

)%e[—F-um)J —(

rZ —r

(21 —2"1) = {(
(22 — 22) = {(

2 2
L —r
2

L

2— 1
L

r2 —r2 — 2
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sinh F+ (t7 (bn)e[_F— (t=¢n)] _

)5

—21) + 7% (20 — Zlgﬂ.

on (IT1); (0 < 1 < r_)
r2 — 21 -
()" sinh FL (¢, g5, )el 100
Ty —
T% - 7"/2 % hF t/ / [_F+(t/7¢/n)]
() cosh P-(t' 61 )e
ol F+(t.8))]
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1 2 2N\io2 o a2yd
5 et = gy e ot = ) = (a6
L2 — 1) -3
PR (et — o) ~ oo — 0]~ 1}
T+ —Tr-
(TQ_T3>%(T2 _T/2>% 1 Y
X (7’_2’_ _7:5)% eXp§|:F—<t7¢n>+F+<t7¢n)}

X [—70(20 —20) + 7 (21 — 2'1) + 7P (22 — 2/2)}.

where again we used the short-hand notation, Fy(t,¢,) = [axt — lazdy,], Fi(At, A¢,) =
lar(t —t') — lax(¢p — ¢’ + 27n)] and where in (2+1)-dimension, Dirac y-matrices 7* =

0

(7%,~',7?) obeying

() =7 (") = -,
(V) =1,(")?=—I,

{7} = -2

are given, for example, in standard representation, by

[0 )
70:0'3: )
0 —1
0 —i 0 1
V2 =gy =i = .
i 0 -1 0

This completes the explicit evaluation of Green’s functions for the scalar and spinor field in
the background of AdS; black hole spacetime.

Perhaps it would be appropriate to mention the issue of boundary conditions at infinity on
any Green’s function for fields propagating on general AdS3 spacetimes. As is the case with
all AdS; spacetimes, the AdS; black hole spacetimes of BTZ [3] we are dealing with is not
globally hyperbolic. And this global non-hyperbolicity invites some delicacy in constructing
the two-point Green’s functions which is under the consideration. To be more concrete, the
spatial infinity i of this AdSs black hole spacetime is “timelike”. This has been demon-

strated in the Carter-Penrose conformal diagram provided by BTZ [3]. And physically, it
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means that information can leak in or out through the spatial infinity in a finite coordinate
time. In order to deal with this fact, boundary conditions may be imposed on the two-point
Green’s functions. As has been pointed out by Avis, Isham and Storey [12], it is still possi-
ble to define a quantization scheme on globally non-hyperbolic spacetimes like the present
AdS3 black hole spacetime without using boundary conditions, which is usually referred to
as “transparent” boundary conditions. In view of this, the construction of two-point Green’s
functions for conformally-coupled scalar and spinor field performed in the present work can
be thought of as corresponding to this option. The two-point Green’s functions for quan-
tum fields in AdSs black hole spacetime have been provided in the literature [16]. But only
the Green’s functions for conformally-coupled scalar field with the choice of Neumann or
Dirichlet boundary conditions are given. Thus the Green’s functions for conformally-coupled

spinor field given in the present work can be regarded as a new contribution.
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