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Abstract

Recently, O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena (ABJM) proposed
three-dimensional super Chern-Simons-matter theory, which at level k is supposed to describe
the low energy limit of N M2-branes. For large N and k, but fixed 't Hooft coupling A = N/k,
it is dual to type IIA string theory on AdS, x CP?. For large N but finite k, it is dual to M
theory on AdSy x S7/Z. In this paper, relying on the second duality, we find exact giant
magnon and single spike solutions of membrane configurations on AdSy x S7/Z;, by reducing
the system to the Neumann-Rosochatius integrable model. We derive the dispersion relations

and their finite-size corrections with explicit dependence on the level k.
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1 Introduction

The AdS/CFT duality conjecture [I, 2 3], has led to many interesting developments in
understanding the correspondence between type IIB string theory on AdSs x S® and N = 4
super Yang-Mills theory in four dimensions. Recently, new exciting field for investigations
appeared, after the discovery of the new AdS,/CFTj duality [4]. The most promising candi-
date for description of this correspondence is the N' = 6 super Chern-Simons-matter theory
proposed by ABJM in [5]. This theory at level k describes the low energy limit of N M2-
branes probing a C*/Z,, singularity. At large N, it is dual to M theory on AdS,; x S7/Z,.
For large N and fixed ratio N/k, it also has a 't Hooft limit, which is dual to type ITA string
theory on AdS, x CP?.

After the appearance of [5], many related papers quickly followed [6]-[41], investigating
different aspects of the ABJM theory. We would like to mention the discovery of the exact
S-matrix, including the dressing phase [25], confirming the all-loop Bethe ansatz equations,

conjectured in [22].

In this article, we propose an M2-brane viewpoint on the ABJM theory at finite level &,
by considering membrane configurations with two angular momenta on R; x S7/Z;, subspace
of AdS, x S7/Z,, background, which exhibit similar properties of giant magnon (GM) [42],
dyonic GM [43] and single spike (SS) [44] in string theory.

The paper is organized as follows. In section 2, we find an appropriate M2-brane embed-
ding into R; x S7/Zy. In section 3, we show that there exists unique Neumann-Rosochatius
(NR) integrable system, which describes membrane configurations with two angular mo-
menta, for any finite value of the level k. In section 4, based on this NR approach, we
give the corresponding M2-brane GM and SS solutions and the semiclassical energy-charge
relations, including the finite-size effects. We conclude the paper with some comments in

section 5.

2 Membranes on AdS, x S7/Z;

Let us start with the following membrane action

5= / ¢ {ﬁ [Goo — 2V Gy + NN Gy — (20°T) det Gy | + T20012} . @21



where

Grn = gun(X)0, X0, XN, Co1z = carnp(X) 0o XM 01 XN 0, X7,

Om = 0/0¢™,  m = (0,i) = (0,1,2),

(€,64,6%) = (1,00,00), M =(0,1,...,10),
are the fields induced on the membrane worldvolume from the background metric g,y and
the background 3-form gauge field cynp, A™ are Lagrange multipliers, 2 = XM (&) are
the membrane embedding coordinates, and T is its tension. As shown in [45], the above

action is classically equivalent to the Nambu-Goto and Polyakov type actions. In addition,

the action (2.1]) gives a unified description for the tensile and tensionless membranes.

The equations of motion for the Lagrange multipliers \™ generate the independent con-

straints only

G(]o — 2)\jG0j + )\Z>\]GU + (2>\OT2>2 det Gij = 0, (22)

Further on, we will work in diagonal worldvolume gauge A\* = 0, in which the action (2.1I)

and the constraints (2.2)), (23]) simplify to

Sy = / ALy = / 3¢ {4%0 [GOO — (2A°T3)* det Gij] + T2Cm2} . (24)
Goo + (2X°T3)” det Gy = 0, (2.5)

Goi = 0. (2.6)

Let us introduce the following complex coordinates on the S7/Z;, subspace

21 = €os cos %6i[i+%(¢l+¢3)], 29 = cOS 1 sin ie"[f—%(%—@)]

Y

z3 = sin cos %6i[f+%(¢2_¢3)], 24 = sine sin %ei[i_§(¢z+¢3)]

Obviously, they satisfy the relation

1.

E ZaZq

a=1

Next, we compute the metric

4
1
d8%7/zk = E dz,dz, = 72 (dp + kA1)2 + dS(%:IPﬁ’
a=1



where

A = % [(3082 1 cos Oy de + sin? 1) cos Oydes + (0082 1) — sin® w) d¢3:| ,
2 2, 2 2 1 1 ’
dsgps = dip” + sin” ¢ cos”™ ¢ 5 c0s O1dpy — 5 c08 Oa2dpy + dops

1 1
+7 cos® ¢ (db7 + sin’® 61de7) + 1 sin® 1 (db3 + sin”® 62de3) . (2.7)

The membrane embedding into R; x S”/Z,,, appropriate for our purposes, is

XO = gt(£m>7 Wa = Rra(gm)ei@a(§M)7 a = (17 27 37 4)’

where t is the AdS time, r, are real functions of £, while ¢, are the isometric coordinates
on which the background metric does not depend. The four complex coordinates W, are

restricted by the real embedding condition

4
ZWaWa =R’ or Zri =1.

a=1 a=1
The coordinates r, are connected to the initial coordinates, on which the background de-

pends, in an obvious way.

For the embedding described above, the metric induced on the M2-brane worldvolume is
given by
R2

Gmn:_
4

4
— Ottt +4 Z (8mra8nra + rgam%an%)] ) (2.8)

a=1

Correspondingly, the membrane Lagrangian becomes

4
£:£M+A<Zr2—1>,

a=1

where A is a Lagrange multiplier.

3 NR integrable system for M2-branes on R; x S7/Z,

Let us consider the following particular case of the above membrane embedding [46]

Xo = 35T, W, = Rr(&,n)eilwemrral&m] (3.1)

§=ao+ B, n=r0y+0T,

Q



which implies
t=r7, @a(€") = @u(T,01,02) = waT + p1a (&, ). (3.2)

Here &, w,, o, B, 7, 0 are parameters. For this ansatz, the membrane Lagrangian takes the

form (0 = 0/0¢, 0, = 0/0n)

2 4
L= l {(QAOTchw)z Z [(OeraOyry — OyraOery)?

T A0
4 a<b=1

+ (8§ra8,7,ub — 8,7ra8§ub)2r§ + (85%87777, — 8,7/1&857”5,)27”2

+ (e 1aOytty — OyptaOe i) *riry |

4
+3° [(2/\°T2Rcw)2 (OeraOytta — Oyradepia)” — (BO¢tta + 00ppta + wa)2] re

a=1
4 4
=) " (BOera + 80,1a)" + (H/2)2} +A (Z 2 — 1) .

We have found a set of sufficient conditions, which reduce the above Lagrangian to the
NR one. First of all, two of the angles ¢, should be set to zero. The corresponding 7,
coordinates must depend only on 7 in a specific way. The remaining variables r, and p, can
depend only on 5@ In principle, there are six such possibilities. How they are realized for
the R; x S7/Z; background, we will discuss in the next section. Here, we will work out the
following example

ri=r1(8), re=r28), p=pml§), p2=paA(f),
rg =13(n) =rosinn, 14 =r4(n) =r9C0O8M, T <1, (3.3)
Y3 = Pg = 0.

For this choice, we receive (prime is used for d/d¢)
2 2 . . 2 A2
£=-3 {Z [ (e e s %%]

T 4\0 A2 _ 32
2
Zr2—<1—r§>] ,
a=1

where A? = (2X°T: 2Roryr0)2. Now we can integrate once the equations of motion for p,

a=1

+ (k/2)* = 136°} + A

following from the above Lagrangian to get

[g = = (%” + ﬁwa) , (3.4)

Ta

LOf course, the roles of ¢ and 1 can be interchanged in this context.

A



where C, are arbitrary constants. By using (3.4]) in the equations of motion for r,(£), one

finds that they can be obtained from the effective Lagrangian

= 1 C?
LNR = Z [(A2 — 62)7”;2 ﬁQ <— + A2 ):| + AM

a=1

a=1

zrz—a—@].

This Lagrangian, in full analogy with the string considerations [47, [48], [49], corresponds to
particular case of the n-dimensional NR integrable system. For C, = 0 one obtains the
Neumann integrable model, which in the case at hand describes two-dimensional harmonic
oscillator, constrained to a circle of radius /1 — 3.

Let us consider the three constraints (2.5]), (2.6) for the present case. For more close
correspondence with the string case, we want the third one, Gy = 0, to be identically
satisfied. To this end, since Ggg ~ 7270, we set § = 0, i.e. n = yo5. Then, the first
two constraints give the conserved Hamiltonian Hypg and a relation between the parameters
involved:

HNRzi{Mtﬁ%rf e (S )] LS e,

a=1

> waCo + B(r/2)* = 0. (3.5)

a=1

For closed membranes, r, and u, must satisfy the following periodicity conditions

ro(& +2ma,n +271y) = ro(§,m),  pa(§ 4 2ma,n +27y) = pa(§,m) + 270, (3.6)

where n, are integer winding numbers. In particular, v is a non-zero integer.

Since the background metric does not depend on ¢ and ¢,, the corresponding conserved
quantities are the membrane energy E and four angular momenta J,, defined by
oL oL
E:—/d2a , Ja:/d2a ., a=1,234.
d(ot) 9(Gopa)
For our ansatz (8.3]) J3 = J; = 0. The energy and the other two angular momenta are given
by

_ TR mR? i2 2
4)\0 / 6, Ja = m /df (ﬁCa + A wara) s a = 1, 2. (37)

From here, by using the constraints (3.0]), one obtains the energy-charge relation

+ﬁzw

a=1

2

J,
:;w_a.

4
A2_52

=



As usual, it is linear with respect to E and J, before taking the semiclassical limit.

To identically satisfy the embedding condition

2
ng —(1—7r2) =0,
a=1

we set

(&) =1/1—=7r2sin0(&), 1a(€) = /1 —13cosb(&).

Then from the conservation of the NR Hamiltonian (3.5]) one finds

. . 1/2
) +1 . 3 C? C3 ~ .
0 = Yoy (A* + )R> — sinée — COS;H — A? (wisin®§ + w3 cos” 9)] , (3.8)
2
A ~2 _ ~2 _ (r/2)? ~2 %

By replacing the solution for () received from (B.8) into (B3.4]), one obtains the solutions
for pg:

U (. [ de 1 (. [ de
p1 = T3 (Cl ey +ﬁw1§)> po = 5 (Cz/m +ﬁw2§) . (3.9)

The above analysis shows that the NR integrable models for membranes on R, x ST and
Ry x S7/Z,, are the same [21]. Therefore, we can use the results obtained in [21] for the
present case. For convenience, the corresponding solutions and dispersion relations are given

in the appendix.

4 M2-brane solutions on R; x S7/Z,

For our membrane embedding in R; x S7/Z, the angular variables ¢, are related to the

corresponding background coordinates as follows

—%(¢1—¢3),
—%(%—i‘(f?s)-

1
¢1=%+§(¢1+¢3)> Py =

6 =6

1
@3:%+§(¢2—¢3), P4 =



As a consequence, for the angular momenta we have

J 1 J 1

J¢1=f+§(t7¢1+<]¢3), szzf—§(‘]¢1_<]¢3)>
J 1 J 1

J¢3:f+§(‘]¢2_‘]¢3)7 J¢4:f_§(‘]¢2+°]¢3)'

¢, and J,, satisfy the equalities
4 4
4 4
E o= =, E Jo, = =y
a=1 7 ]{;SO a=1 ' k ’

One of the conditions for the existence of NR description of the M2-brane dynamics is
that two of the angles , must be zero, which means that two of the four angular momenta

Jy, vanish. The six possible cases are

'¢1=¢3+%:%ﬂ+%7 @2=¢3—%:%¢—%7 p3=0, @1=0;
‘<P1=¢1=%90+¢37 <P3=¢2=%90—¢37 P2 =0, @4 =0;

® =91 = %SD + @3, pa=—¢2= %80 —¢3, p2=0, @3=0; (4.1)
'<P2=—¢1=%90+¢37 <P3:¢2=%90—¢37 p1 =0, @4=0;
'902=—¢1=%S0+¢3, 904=—¢2=%90—¢3> 1 =0, @3=0;
'¢3=—¢3+%:%¢+%> S04:—3—%:%90—%> p1=0, ¢2=0.

Here, ¢ and ¢ are the isometry angles on the two two-spheres inside CP?, while ¢ is

isometry angle on the U(1) fiber over 5% x S?, as can be seen from (2.7)).

From (4.1 it is clear that we have two alternative descriptions for ¢,. One is only in
terms of the isometry angles on CP?, and the other includes the eleventh coordinate . This
is a consequence of our restriction to M2-brane configurations, which can be described by

the NR integrable system.

The six cases above can be divided into two classes. The first one contains the first and
last possibilities, and the other one - the remaining ones. The cases belonging to the first
class are related to each other by the exchange of ¢; and ¢5. This corresponds to exchanging
the two S? inside CIP?. Since these spheres enter symmetrically, the two cases are equivalent.
In terms of (p,¢3), the four cases from the second class are actually identical. That is why,

all of them can be described simultaneously by choosing one representative from the class.

rd



Let us first give the M2-brane solutions for cases in the first class. Since they correspond

to our example in the previous section, the membrane configuration reads

Wy = R fisa (7.} = RyL = rgsind©) exp {1 | 2o+ A58}

W = Rra)ex figa(r. ) = Ry/L = reosofg)exp {i 2ot 0) - L2,

W3 = Rrgsin(yoy), Wy = Rrgcos(vyos),
where ¢ is equal to ¢ or ¢s.

From the NR system viewpoint, the membrane solutions for the second class configurations
differ from the ones just given by the exchange of W, W3, and by the replacement ¢/2 — ¢3.
In other words, we have

Wy = R (e Liga (7.0} = Ry1 = sind©) exp { | Fe(r. )+ n(r)] .
Wy = Rrgsin(vyos),

W = Rra(€)exp ligalr. ) = Ry/1 -~ rgeostlexp {i | 2p(r.6) - an(r. )]},
Wi = Rrg cos(yo2),

The explicit solutions for §(§) and ¢123(7, &), of the M2-brane GM and SS, along with
the energy-charge relations for the infinite and finite sizes are given in the appendix. Here,

we will present them in terms of ¢ and ¢;233.

In accordance with (A.T]), we have for the M2-brane GM with two angular momenta the

following dispersion relation

1/2 1/2 ?
w/l—TSE_§<EJ¢+J¢) :\/ 1 (z%—%) + M2 [ro(1 = 1R Psin? £, (42)

where J; can be equal to Jy, /2, Jy,/2 or Jy,. In writing ([A2]), we have used that

1
R=1,(27%kN)"", T, =
p (PTRN) T T (2m)23’
and the 't Hooft coupling is defined by A = N/k.
If we introduce the notations
Jo Jo 1

E=a\/1-1rlE, J,=a Js=a—

) a = Y
2 V2 kro(1 = 72)y

5 (4.3)



the above energy-charge relation takes the form

E—-T(k \/ J£(k) + 4sin?
where

2 2
Ji(k) = %\780 + T, Jo(k) = E\Zp - TJs. (4.4)

By using (£3), (£4) and (A.9), we can write down the dispersion relation for the dyonic

GM, including the leading finite-size correction as

16 sin? g

E—T(k \/jz +4sm——
\/Jz(k)+451 £

2

2sin® 2 (jl(k) + \/j22(k: + 4 sin? g) \/jQQ(k) + 4sin* L
J#(k) +4sin* 2

exp |—

The reason to introduce &, J, and J, namely in this way is the following. For GM on
the R, x S® subspace of AdSs x S°, in terms of

2 2 2
E=—FE, Ji=—7h, JFo=—7J,
! \/Xl ? \/X2

5-;71:\/;722-0—481112%9.

The same result can be obtained for the GM on the R, x CP? subspace of AdS, x CP?, if

we use the identification [29]

we have

E Ji Jo
E= ) D= o=
V2 BERVE 2T V2

In the all three cases, the second term under the square root is the same. In this description

it is universal - for different backgrounds and for different extended objects.

Analogously, for the SS case one can find (see (A.11l)

£ — Ay, = p+ 8sin? —tan—exp(

- \/jzz(k‘) +4sin? L 3

Ag01+p ) tan & )
J2(k) csc? p + tan? £




Let us point out that for £ = 1 the above dispersion relations coincide with the ones
obtained earlier in [2I]. We can also reproduce the energy-charge relations for dyonic GM
and SS strings on R, x CP? by taking an appropriate limit. To show this, let us consider the
second case in (4.1]), for which

2 2
Jo, = EJSD_I_J%’ S :E‘]@_‘Lﬁa'
In accordance with our membrane embedding, the following identification should be made
J J
str __ ¢1 str __ ﬁ

Then in the limit k£ — oo, rg — 0, such that kroy = 1, we obtain from (4.2l

E— Jir = \/(JSWP + 8Asin’ g.

This is exactly what we have derived in [29] for dyonic GM strings on R; X CP3. Obvi-
ously, this also applies for the leading finite-size correction. In the same way, the SS string

dispersion relation for R, x CP? background can be reproduced.

5 Concluding Remarks

We presented here an M2-brane perspective on ABJM super Chern-Simons-matter theory,
which for large N and finite level & is dual to M theory on AdSy x S7/Z;. In particular, we
found membrane configurations, which can be described by the same NR integrable model
for any positive integer k. Based on this, we gave the explicit solutions and the dispersion
relations, including finite-size corrections, for states with two angular momenta, exhibiting
GM and SS properties.

It would be interesting to see if the above results could be generalized to M2-branes with
three and four angular momenta. Also, one can try to include the conserved spin S, arising
from the nontrivial dynamics on the AdS; part of the background. In this case, one must

take into account the membrane interaction with the three-form gauge field.
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A M2-brane GM and SS

For the GM-like case by using that Cy = 0, #2 = w? in (38), (3:9), one finds

7l 2,2 A 2 2
cos 6 sin? §, = Brwi _ Aywi —wy ~

cos (&) = cosh (Dy€)’ A2 — W) Po= A2 — 32

©1(7,€) = wiT + arctan [Cot 0o tanh(Dof) |, a(7,€) = wy (T * A2 ? 5) .

For the SS-like solutions when Cy = 0, &2 = w?A?/3?, by solving the equations (3J),
(39), one arrives at

0 A2,,2 A 2 2
cos oA Afwy Ay wi — w3 ~

cosf(§) = m, sin? 6, = m, D, = Wcosel,
01(1,6) = wy (7’ - %) — arctan [cot 0, tanh(Dlg)} ;02T 8) = we <7’ + T ? ﬂ2£> :

The energy-charge relations computed on the above membrane solutions were found in

[50], and in our notations read

/ Ji Jo ) . 2D p_m™ 5
I—TOE—?—\/<?) —‘—pSll’l 5, 5—5—90, (A]_)

for the GM-like case, and
= = PR
1—7“8E—£A<p1:—)\]—9 ﬂ:\/<£) + 22 PTG (a9
s m T 2

for the SS-like solution, where

A= [2m* T RPro(1 — 7’8)7}2 : (A.3)

A.1 Finite-Size Effects

For Cy = 0, Eq.(3:8) can be written as

(cos) = A e wl — w2 \/ — cos26)(cos? 6 — 22), (A4)

11



where
2 W27 W2
— )2 — |2 -9 22 2
\/(Ch q2) { (1 + ¢ q192) w%} 2 (0

1 w
A=———a+ep-——+
21— %) 5
1
q=1-rf/wl q=1-pR"/A%]
The solution of is
A 2 _ 2
it B m=1-22/2. (A.5)

cos = z dn (C&|m) ,

The solutions of Egs.(3.9) now read
26/A R
_ I _
e 1 0m (amico, -5

H1 =
2i/1 — wi/w?

. 26&)2/121(4)1 CS
e ze/1—w2fw?

where II(k,n|m) is the elliptic integral of third kind.
Our next task is to find out what kind of energy-charge relations can appear for the M2-

brane solution in the limit when the energy £ — oo. It turns out that the semiclassical

behavior depends crucially on the sign of the difference A2 — 32.

A.1.1 The M2-brane GM
We begin with the M2-brane GM, i.e. A2 > (2. In this case, one obtains from (B7) the

following expressions for the conserved energy E and the angular momenta .J;, Jo

A= PIE) g1 22,

g:
w1241 — w2 /w?
1_52&2 A2w2
2/ 1K(1—z%/zi)—E(1—zz/zi) ., (A.6)

2Z+

KRy [ z;

2z4wa/wi 2 /.2
Jo=—-"="KE(1—2/27).
? 1—w?/w? ( /)
Here, we have used the notations
27 2m J 2m J-
—=\/1-13E, j1=—~—17 j2=—~—27
VA 2 A2

RV

19



where ) is defined in (A.3). The computation of Ag; gives

Omaz de ,
p=Ap = 2/9 o= (A.8)

26/ A {%2/(4)%1_[( 22— z2
zeV/ 1 —wifwi 1—=

In the above expressions, K(m), E(m) and II(n|m) are the complete elliptic integrals.

1—22 /z+) ~K(1-22/23)

Expanding the elliptic integrals about 22 = 0, one arrives at

16sin(p/2)
V' IZ + 4sin®(p/2)
2 (i + V/TF + As2(p]2)) /TF + Asin?(p/2) sin? (p/2)
JZ + 4sin(p/2)

£ — i = /T3 + 4sin?(p/2) -

exp |—

It is easy to check that the energy-charge relation (A.9)) coincides with the one found in [51],
describing the finite-size effects for dyonic GM. The difference is that in the string case the
relations between &, J1, J> and E, Ji, Jo are given by

2T 2T 2T

E=TB NH="L5 D=2
Y T \/Xl Jo \/X2

while for the M2-brane they are written in (A.7).

A.1.2 The M2-brane SS

Let us turn our attention to the M2-brane SS, when A2 < (2. The computation of the

conserved quantities (3.7) and Ag; now gives

2R(5%/ A% — 1)

¢= u}l\/T%/w%Z-i-K (1=arz),

T = \/#ﬁ E(1-2/2) _52;/‘42“’11( (1- z%/zi)] :
%=—§%%§iE“—ﬁ“3=
I R

19



& — Ay can be derived as

4
PN _ LN 9 2 72 —1 A.10
1 arcsin (\717 \72> + (jl j2) \/[4 — (\712 - j22)] ( )
2(J? = J3) N(h, Ja) i
X exp |:_ (u7112 — \7222)2 + 4\722 [ASO +aresin N(jl’ j2)] ’
_ iy (o T
N(Ji,J2) = 5 [4 (‘71 I3 )} \/[4 — (J? = T3)] .

Finally, by using the SS relation between the angular momenta

T =\ T2 + 4sin*(p)2),

we obtain

(A.11)

tan L(Ag; +
5_A¢1=p+8sin2gtangexp< 2( 1+ p) )

tan® £ 4+ JZesc?p

This result coincides with the string result found in [52]. As in the GM case, the difference
is in the identification (A.7).
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