
ar
X

iv
:0

81
0.

19
15

v2
  [

he
p-

th
] 

 1
3 

O
ct

 2
00

8

UMTG–260

An alternative S-matrix

for N = 6 Chern-Simons theory ?
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Abstract

We have recently proposed an S-matrix for the planar limit of the N = 6 supercon-

formal Chern-Simons theory of Aharony, Bergman, Jafferis and Maldacena which leads

to the all-loop Bethe ansatz equations conjectured by Gromov and Vieira. An unusual

feature of this proposal is that the scattering of A and B particles is reflectionless. We

consider here an alternative S-matrix, for which A−B scattering is not reflectionless.

We argue that this S-matrix does not lead to the Bethe ansatz equations which are

consistent with perturbative computations.
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1 Introduction

The fact that the 3-dimensional N = 6 superconformal Chern-Simons (CS) theory of

Aharony, Bergman, Jafferis and Maldacena [1] has a planar limit suggests that it may have

further features in common with 4-dimensional N = 4 superconformal Yang-Mills (YM)

theory. Indeed, it was shown by Minahan and Zarembo [2] (see also [3]) that the two-loop

anomalous dimensions of the scalar operators in planar N = 6 CS theory are described by

a certain integrable spin chain. Furthermore, they conjectured two-loop Bethe ansatz equa-

tions (BAEs) for the full theory. Gromov and Vieira [4] subsequently conjectured all-loop

BAEs, which reduce to those of Minahan and Zarembo in the weak-coupling limit. Recently,

three groups [5, 6, 7] computed the one-loop correction to the energy of a folded spinning

string, and seemed to find disagreement with the prediction of the all-loop BAEs. This

controversy may be resolved by a non-zero one-loop correction in the central interpolating

function h(λ) as suggested recently in [8]. (See also [9].)

Based on the spectrum and symmetries of the model [2, 10, 11, 12], we proposed an

S-matrix [13] which reproduces the all-loop BAEs. That S-matrix has the unusual feature

that the scattering of A and B particles is reflectionless,

A B → B A

(instead of A B → B A + A B). The purpose of this note is to search for other S-matrices

which are consistent with the given symmetries and to derive the corresponding BAEs. In

particular, we consider an alternative S-matrix for which A−B scattering is not reflectionless.

We derive the corresponding BAEs, and show that they do not reduce to those of Minahan

and Zarembo [2] in the weak-coupling limit. This provides increased confidence in our earlier

proposal for the S-matrix [13], and in the corresponding all-loop BAEs [4].

The outline of this paper is as follows. In Section 2 we present the new candidate

S-matrix. In Section 3 we derive the corresponding all-loops BAEs by diagonalizing the

Bethe-Yang matrix, and perform the weak-coupling limit. We conclude in Section 4 with a

brief discussion of our results.

2 S-matrix

We represent the elementary excitations by Zamolodchikov-Faddeev operators A†
a i(p), where

a ∈ {1, 2} is an SU(2) flavor index (a = 1 corresponds to an A-particle, and a = 2 corre-

sponds to a B-particle), and i ∈ {1, 2, 3, 4} is the SU(2|2) index. When acting on the vacuum

state |0〉, these operators create corresponding asymptotic particle states of momentum p
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and energy E given by [10, 11, 12, 14]

E =

√
1

4
+ 4g2 sin2 p

2
, (2.1)

where g is a function of the ’t Hooft coupling

g = h(λ) , (2.2)

with h(λ) ∼ λ for small λ, and h(λ) ∼
√

λ/2 for large λ.

In order to have both SU(2) and SU(2|2) symmetries, the S-matrix should have the

product form

A†
a i(p1) A†

b j(p2) = S0(p1, p2) Sa′ b′

a b (p1, p2) Ŝi′ j′

i j (p1, p2) A†
b′ j′(p2) A†

a′ i′(p1) , (2.3)

where Ŝi′ j′

i j (p1, p2) is the graded version of the SU(2|2) S-matrix given in [15] (see also

[16, 17, 18]) with g given by (2.2), Sa′ b′

a b (p1, p2) is an SU(2) S-matrix which we shall discuss

shortly, and S0(p1, p2) is an unknown scalar factor.

As is well-known (see, e.g., [19]), SU(2) symmetry and factorizability almost completely

fix the structure of Sa′ b′

a b (p1, p2). Indeed, SU(2) symmetry implies that, up to an overall

scalar factor,

Sa′ b′

a b (p1, p2) = iδb′

a δa′

b + f(p1, p2)δ
a′

a δb′

b , (2.4)

where f(p1, p2) is an arbitrary scalar function of p1, p2. The Yang-Baxter equation

S12(p1, p2) S13(p1, p3) S23(p2, p3) = S23(p2, p3) S13(p1, p3) S12(p1, p2) (2.5)

then implies that

f(p1, p2) = f(p1, p3) − f(p2, p3) , (2.6)

which in turn implies that

f(p1, p2) = α(p1) − α(p2) , (2.7)

where α(p) is an arbitrary function of p. In the weak-coupling limit, α(p) must be a linear

function of p, say

α(p) = p , (weak coupling) (2.8)

in order that f(p1, p2) be a function of p1 − p2, i.e., that the S-matrix have the “difference”

property. We conclude that

Sa′ b′

a b (p1, p2) = iδb′

a δa′

b + (α(p1) − α(p2)) δa′

a δb′

b . (2.9)

2



In matrix form,

S(p1, p2) =





a(p1, p2) 0 0 0

0 b(p1, p2) i 0

0 i b(p1, p2) 0

0 0 0 a(p1, p2)




, (2.10)

where

a(p1, p2) = α(p1) − α(p2) + i , b(p1, p2) = α(p1) − α(p2) . (2.11)

Note that

b(p1, p2) = −b(p2, p1) . (2.12)

The S-matrix (2.3), unlike the one which we proposed in [13], does allow for reflection in

A − B scattering. Examples of integrable models with S-matrices of product form include

[20]. To determine the function α, one may need to impose charge conjugation symmetry

between A- and B-particles which leads to a crossing relation. We will not pursue this here

since our conclusion does not depend on the explicit form of α.

3 Asymptotic Bethe ansatz

We now proceed to derive the corresponding all-loop BAEs. The analysis is similar to the

one for N = 4 YM theory [17, 18]; and as in [13], we follow closely the latter reference. We

consider a set of N particles with momenta pi (i = 1, . . . , N) which are widely separated on a

ring of length L′. Quantization conditions for these momenta follow from imposing periodic

boundary conditions on the wavefunction. Taking a particle with momentum pk around the

ring leads to the Bethe-Yang equations

e−ipkL′

= Λ(λ = pk, {pi}; {λj, µj, ξj}) , k = 1, . . . , N , (3.1)

where Λ(λ, {pi}; {λj, µj, ξj}) are the eigenvalues of the transfer matrix

t(λ, {pi}) = Λ0(λ, {pi}) tSU(2)(λ, {pi}) ⊗ tSU(2|2)(λ, {pi}) , (3.2)

where

Λ0(λ, {pi}) =

N∏

i=1

S0(λ, pi) ,

tSU(2)(λ, {pi}) = tra Sa 1(λ, p1) · · ·Sa N(λ, pN) ,

tSU(2|2)(λ, {pi}) = stra Ŝa 1(λ, p1) · · · Ŝa N(λ, pN) . (3.3)
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Hence, the eigenvalues are given by

Λ(λ, {pi}; {λj, µj, ξj}) = Λ0(λ, {pi}) ΛSU(2)(λ, {pi}; {ξj}) ΛSU(2|2)(λ, {pi}; {λj, µj}) , (3.4)

where the SU(2) part is given by the well-known algebraic Bethe ansatz result

ΛSU(2)(λ, {pi}; {ξj}) =

N∏

i=1

a(λ, pi)

m0∏

j=1

s(ξj , λ) +

N∏

i=1

b(λ, pi)

m0∏

j=1

s(λ , ξj) , (3.5)

with

s(p1, p2) =
a(p1, p2)

b(p1, p2)
=

α(p1) − α(p2) + i

α(p1) − α(p2)
, (3.6)

and {ξj} obey the BAEs

N∏

i=1

s(ξk, pi) =

m0∏

j=1

j 6=k

s(ξk, ξj)

s(ξj, ξk)
, k = 1 , . . . , m0 . (3.7)

In particular, due to the property (2.12), the eigenvalues at λ = pk are given by

ΛSU(2)(λ = pk, {pi}; {ξj}) =

N∏

i=1

a(pk, pi)

m0∏

j=1

s(ξj , pk) . (3.8)

Moreover, the SU(2|2) part is given by [18]

ΛSU(2|2)(λ, {pi}; {λj, µj}) =
N∏

i=1

[
x+(λ) − x−(pi)

x−(λ) − x+(pi)

η(pi)

η(λ)

] m1∏

j=1

[
η(λ)

x−(λ) − x+(λj)

x+(λ) − x+(λj)

]

−
N∏

i=1

[
x+(λ) − x+(pi)

x−(λ) − x+(pi)

1

η(λ)

]{ m1∏

j=1

[
η(λ)

x−(λ) − x+(λj)

x+(λ) − x+(λj)

] m2∏

l=1

x+(λ) + 1
x+(λ)

− µ̃l + i
2g

x+(λ) + 1
x+(λ)

− µ̃l −
i
2g

+

m1∏

j=1

[
η(λ)

x+(λj) −
1

x+(λ)

x+(λj) −
1

x−(λ)

]
m2∏

l=1

x−(λ) + 1
x−(λ)

− µ̃l −
i
2g

x−(λ) + 1
x−(λ)

− µ̃l + i
2g

}

+

N∏

i=1

[
x+(λ) − x+(pi)

x−(λ) − x+(pi)

1 − 1
x−(λ)x+(pi)

1 − 1
x−(λ)x−(pi)

η(pi)

η(λ)

]
m1∏

j=1

[

η(λ)
x+(λj) −

1
x+(λ)

x+(λj) −
1

x−(λ)

]

, (3.9)

where η(λ) = eiλ/2, and the corresponding BAEs are given by

eiP/2
N∏

i=1

x+(λj) − x−(pi)

x+(λj) − x+(pi)
=

m2∏

l=1

x+(λj) + 1
x+(λj)

− µ̃l + i
2g

x+(λj) + 1
x+(λj)

− µ̃l −
i

2g

, j = 1, . . . , m1 ,

m1∏

j=1

µ̃l − x+(λj) −
1

x+(λj)
+ i

2g

µ̃l − x+(λj) −
1

x+(λj)
− i

2g

=

m2∏

k=1

k 6=l

µ̃l − µ̃k + i
g

µ̃l − µ̃k −
i
g

, l = 1, . . . , m2 , (3.10)
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where

x+(λ)

x−(λ)
= eiλ , x+(λ) +

1

x+(λ)
− x−(λ) −

1

x−(λ)
=

i

g
, P =

N∑

i=1

pi . (3.11)

In particular, the eigenvalue at λ = pk is given simply by

ΛSU(2|2)(λ = pk, {pi}; {λj, µj}) =
N∏

i=1

[
x+(pk) − x−(pi)

x−(pk) − x+(pi)

η(pi)

η(pk)

] m1∏

j=1

[
η(pk)

x−(pk) − x+(λj)

x+(pk) − x+(λj)

]
.

(3.12)

In view of (3.8), (3.12), the Bethe-Yang equations (3.1) take the form

eipk(−L′+ N
2
−

m1
2 ) = eiP/2

N∏

i=1

{
S0(pk, pi) a(pk, pi)

[
x+(pk) − x−(pi)

x−(pk) − x+(pi)

]}

×
m0∏

j=1

s(ξj , pk)

m1∏

j=1

x−(pk) − x+(λj)

x+(pk) − x+(λj)
, k = 1, . . . , N , (3.13)

where {λj, µj, ξj} are determined by the BAEs (3.7), (3.10).

Following [18, 13], we make the identifications

x±(pk) = x±
4,k , k = 1, . . . , K4 ≡ N ,

x+(λj) =
1

x1,j
, j = 1, . . . , K1 ,

x+(λK1+j) = x3,j , j = 1, . . . , K3 , K1 + K3 ≡ m1 ,

µ̃j =
u2,j

g
, j = 1, . . . , K2 ≡ m2 , (3.14)

and also define

u4,j = x+
4,j +

1

x+
4,j

−
i

2
= x−

4,j +
1

x−
4,j

+
i

2
, (3.15)

and ui,j = g
(
xi,j + 1

xi,j

)
for i = 1, 3. We assume the zero-momentum condition

P =

K4∑

j=1

p4,j = 0 , (3.16)

and (for aesthetic reasons) we perform the shift

α(ξj) → α(ξj) −
i

2
. (3.17)
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The Bethe-Yang equations (3.13) become

eip4,k(−L′+
K4+K1−K3

2 ) =

K4∏

i=1

{

S0(p4,k, p4,i) [α(p4,k) − α(p4,i) + i]

(
x+

4,k − x−
4,i

x−
4,k − x+

4,i

)}

×
m0∏

j=1

α(ξj) − α(p4,k) + i
2

α(ξj) − α(p4,k) −
i
2

K1∏

j=1

1 − 1
x−
4,k

x1,j

1 − 1
x+

4,k
x1,j

K3∏

j=1

x−
4,k − x3,j

x+
4,k − x3,j

, k = 1, . . . , K4 , (3.18)

and the BAEs (3.7), (3.10) become

K4∏

i=1

α(ξk) − α(p4,i) + i
2

α(ξk) − α(p4,i) −
i
2

=
m0∏

j=1

j 6=k

α(ξk) − α(ξj) + i

α(ξk) − α(ξj) − i
, k = 1 , . . . , m0 ,

K4∏

i=1

1 − 1
x1,jx−

4,i

1 − 1
x1,jx+

4,i

=

K2∏

l=1

u1,j − u2,l + i
2

u1,j − u2,l −
i
2

, j = 1, . . . , K1 ,

K4∏

i=1

x3,j − x−
4,i

x3,j − x+
4,i

=

K2∏

l=1

u3,j − u2,l + i
2

u3,j − u2,l −
i
2

, j = 1, . . . , K3 ,

K1∏

j=1

u2,l − u1,j + i
2

u2,l − u1,j −
i
2

K3∏

j=1

u2,l − u3,j + i
2

u2,l − u3,j −
i
2

=

K2∏

k=1

k 6=l

u2,l − u2,k + i

u2,l − u2,k − i
, l = 1, . . . , K2 , (3.19)

respectively. Eqs. (3.18), (3.19) constitute our result for the all-loop BAEs corresponding

to the S-matrix (2.3), (2.9).

The weak-coupling limit corresponds to [4]

x →
u

g
, x± →

1

g

(
u ±

i

2

)
, (3.20)

with g → 0 and u finite. Recalling (2.8), we obtain

(
u4,k + i

2

u4,k −
i
2

)L

=
K4∏

i=1

{
S0(p4,k, p4,i) (p4,k − p4,i + i)

(
u4,k − u4,i + i

u4,k − u4,i − i

)}

×
m0∏

j=1

ξj − p4,k + i
2

ξj − p4,k −
i
2

K3∏

j=1

u4,k − u3,j −
i
2

u4,k − u3,j + i
2

, k = 1, . . . , K4 ,

1 =

m0∏

j=1

j 6=k

ξk − ξj + i

ξk − ξj − i

K4∏

i=1

ξk − p4,i −
i
2

ξk − p4,i + i
2

, k = 1 , . . . , m0 ,
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1 =

K2∏

l=1

u1,j − u2,l + i
2

u1,j − u2,l −
i
2

, j = 1, . . . , K1 ,

1 =

K2∏

l=1

u3,j − u2,l + i
2

u3,j − u2,l −
i
2

K4∏

i=1

u3,j − u4,i −
i
2

u3,j − u4,i + i
2

, j = 1, . . . , K3 , (3.21)

1 =

K2∏

k=1

k 6=l

u2,l − u2,k − i

u2,l − u2,k + i

K1∏

j=1

u2,l − u1,j + i
2

u2,l − u1,j −
i
2

K3∏

j=1

u2,l − u3,j + i
2

u2,l − u3,j −
i
2

, l = 1, . . . , K2 ,

where we have defined

L = −L′ +
K4 + K1 − K3

2
, (3.22)

and used

eip4,k =
u4,k + i

2

u4,k −
i
2

. (3.23)

Evidently, regardless of the choice of scalar factor S0(p1, p2), the set of BAEs (3.21) does not

completely match any of the equivalent sets of BAEs proposed by Minahan and Zarembo

[2].

4 Discussion

We have considered an alternative S-matrix which is symmetric under SU(2|2). In contrast

with our original proposal [13], this S-matrix has the tensor product form (2.3); and it has

not only an SU(2|2) part, but also an SU(2) part which allows for reflection in A − B

scattering. We did not completely specify the S-matrix, since we did not determine the

scalar factor S0(p1, p2) in (2.3) and the function α(p) in (2.9). A priori an S-matrix of this

form is plausible for a physical system with the given symmetry. We can conclude that this

is not the correct S-matrix for N = 6 CS only after checking that the corresponding all-loop

BAEs do not lead to the perturbative BAEs [2]. This gives greater confidence in the original

proposal [13]. 1

It is widely believed that the new AdS/CFT duality between type IIA string on AdS4 ×

CP 3 and N = 6 CS needs more study to clarify several features which are different from

AdS5/CFT4. In this respect, it may be interesting to consider the strong coupling limit of the

all-loop BAEs obtained here and investigate the corresponding (classical) string structure.

1Further support for the proposal [13] has recently been found in computations of finite-size corrections

to the dispersion relation of giant magnons [21, 22].
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